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                                            ABSTRACT

We investigate an endogenous growth overlapping generations model, which allows
dynamic inefficiency and thereby has a role for the redistribution of resources from
children to parents through bubbles, government debt or intergenerational altruistic
transfers. The model has two sources of economic growth: human capital accumulation
due to education investments and technological progress due to learning-by-doing
externalities. Technological progress has two opposite effects in the model, a positive
productivity effect on the final goods production and a negative erosion effect on human
capital accumulation. These effects allow us to generate new results compared to models
where the source of economic growth is technological progress or human capital
accumulation alone. In particular, we show that bubbles can have a positive or negative
effect on economic growth. We also consider the relationship between bubbles and two-
sided intergenerational altruism. We show that bequests, gifts and bubbles cannot be
operative in the same steady state if altruism is symmetric and households take the
actions of other generations as given. Moreover, altruistic education investments are a
perfect substitute for bequests if young agents do not face borrowing constraints. On the
other hand, gifts from children to parents are an imperfect substitute for bubbles and
bubbles eliminate gifts. In the end, we consider government debt and permanent budget
deficits. The deficit has a maximum sustainable upper bound and it decreases the effect
of debt on the economy. The calibration of the model to the postwar U.S. data shows that
a maximum sustainable deficit/GDP ratio by the Ponzi game debt finance is around 2.1
%, which is slightly higher than the average realized U.S. deficit/GDP ratio.

Keywords: Bubbles, Calibration, Dynamic inefficiency, Government debt, Endogenous
growth, Human capital, Intergenerational altruism, Learning-by-doing externalities,
Overlapping generations model, Ponzi games, Technological progress.
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1. INTRODUCTION

It is well known that in dynamically inefficient economies where the growth rate of
output exceeds the rate of return on physical capital, there is a case for a redistribution of
resources from children to parents. It is clear that this type of intergenerational
reallocation can have huge welfare effects in the long run. The subject is studied in the
exogenous growth overlapping generations (OLG) model by Diamond (1965), Feldstein
(1974), Tirole (1985), Abel (1987) and Kimball (1987) among others. The first two
papers investigate intergenerational reallocation through government debt and pay-as-
you-go social security while the third paper considers it through asset bubbles. The last
two papers study intergenerational reallocation through altruistic intergenerational
transfers. In the balanced growth equilibrium of the exogenous growth OLG model, the
rate of return on physical capital is decreasing and the growth rate of output constant in
physical capital. It follows that the elimination of dynamic inefficiency crowds out
physical capital. Crowding out increases the welfare of the economy, because the Pareto
optimality of the competitive equilibrium only depends on the dynamic inefficiency.
However, crowding out does not affect the growth rate of output, because the growth rate
of output is exogenous to the model.

Since Romer's (1986) seminal study on endogenous growth, the main interest of the
economic growth theory has turned to the analysis of the growth rate of output rather than
the level of output. In the Romer's model, the source of output growth is technological
progress due to learning-by-doing externalities in the physical capital production.
Learning-by-doing externalities imply an additional static inefficiency to the model,
which causes physical capital underaccumulation. In the Romer-type of endogenous
growth OLG model, the Pareto optimality of the competitive equilibrium only depends
on the static inefficiency, because the social rate of return on physical capital always
exceeds the growth rate of output in the perpetual growth equilibrium. The redistribution
of resources from children to parents is studied in the Romer-type of endogenous growth
OLG models by Saint-Paul (1992), Grossman and Yanagawa (1993) and Wigger (2001)
among others. The first paper investigates intergenerational reallocation through
government debt and pay-as-you-go social security while the second paper considers it
through asset bubbles. The last paper studies intergenerational reallocation through
altruistic intergenerational transfers. In the balanced growth equilibrium of the Romer-
type of endogenous growth OLG model, the rate of return on physical capital is constant
and the growth rate of output increasing in physical capital. It follows that the elimination
of dynamic inefficiency crowds out physical capital as in the exogenous growth OLG
models. Crowding out decreases the welfare of the economy, because the Pareto
optimality of the competitive equilibrium only depends on the static inefficiency.
Moreover, crowding out decreases also the growth rate of output, because the growth rate
of output is increasing in physical capital.

There are also other sources of economic growth in addition to technological progress
due to learning-by-doing externalities. Lucas (1988) studies a model where the engine of
growth is human capital accumulation due to education investments. In the Lucas-type of
endogenous growth OLG models, human capital is transmitted between generations by an
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intergenerational externality effect of previous generation human capital (Azariadis and
Drazen 1990). Intergenerational externalities imply an additional static inefficiency to the
model, which causes underinvestments in education. Moreover, in the Lucas-type of
endogenous growth OLG model the Pareto optimality of the competitive equilibrium
depends on the static and dynamic inefficiency, because the social rate of return on
physical capital does not necessary exceed the growth rate of output in the perpetual
growth equilibrium. The redistribution of resources from children to parents is studied in
the Lucas-type of endogenous growth OLG model by Michel (1992), Kahn et al. (1997)
and Marchand et al. (2003) among others. The first paper studies intergenerational
reallocation through asset bubbles while the second paper considers it through
government debt. The last paper studies intergenerational reallocation through lump-sum
tax-transfers. In the balanced growth equilibrium of the Lucas-type of endogenous
growth OLG model, the rate of return on physical capital is decreasing and the growth
rate of output is increasing in physical capital due to the trade-off between education
investments and investments in physical capital. It follows that the elimination of
dynamic inefficiency crowds out physical capital as in the exogenous growth OLG
models. Crowding out can decrease or increase the welfare of the economy, because the
Pareto optimality of the competitive equilibrium depends on the static and dynamic
inefficiency. However, crowding out decreases the growth rate of output, because the
growth rate of output is increasing in physical capital.

If the engine of growth is technological progress due to learning-by-doing externalities
and human capital accumulation together, the growth and welfare effects of
intergenerational reallocation can be different from those in the Romer-and Lucas-types
of endogenous growth OLG models. In particular, intergenerational reallocation can have
a positive effect on economic growth. There are two reasons for the result. First, learning-
by-doing externalities in the final good production function allow the rate of return on
physical capital to be increasing in physical capital, which implies that the elimination of
dynamic inefficiency can crowd in physical capital and increase economic growth.
Second, learning-by-doing externalities in the human capital production function can
change the trade-off between education investments and investments in physical capital
such that the growth rate of output is decreasing in physical capital, which implies that
the elimination of dynamic inefficiency can crowd out physical capital and increase
economic growth.

A positive growth effect of government debt, pay-as-you-go social security or asset
bubbles is also derived by Zhang (1995), Zhang (1997), Sinn (1998), Forslid (1998),
Ferreira (1999), Futagami and Shibata (2000), Kemnitz and Wigger (2000), Lin (2000),
Sanched-Losada (2000), Zhang (2001) and Zhang (2003). In these models, however, the
positive growth effect is caused by endogenous fertility, by a moral hazard problem
between children and parents, by government income transfers, by government
productive investments, by an increase in the supply of the asset, by intergenerational
externalities or by joy-of-giving altruism. Hence, none of these results rests on the
elimination of dynamic inefficiency.
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1.1  Intertemporal allocation and overlapping generations

A workhorse of the endogenous growth literature is an infinitely lived representative
agent model. This model has a finite number of agents with an infinite planning horizon
and an infinite number of dated goods with complete contingency markets. Hence, all
goods are traded in a single market where the number of traders is finite, which implies
that the present value of aggregate wealth must be finite. It follows that there is no role
for intergenerational reallocation and the competitive equilibrium is always dynamically
efficient. The intertemporal allocation of the resources in the competitive equilibrium is
determined by the Euler equation and the transversality condition. The former defines the
optimal path of consumption over time while the latter implies that the present value of
aggregate wealth must be finite. Together these conditions imply that in the dynamically
efficient stationary allocation, the rate of return on physical capital exceeds the growth
rate of output or in the limit they are equal. The limit case maximizes the stationary
utility and is usually called the Golden Rule allocation.

In the real world, agents do not have complete contingency markets and all goods are not
traded in a single market. Hence, infinitely lived representative agent models are clearly a
simplification of the real world. Growth models, which correct this simplification, are
called sequential economies. Sequential economies have an infinite sequence of trading
opportunities, which implies that the present value of aggregate wealth can be also
infinite. The infinite aggregate wealth violates the assumptions of the First Welfare
Theorem, which implies that the competitive equilibrium of the sequential economy is
not necessary Pareto-optimal and the economy has a role for intergenerational
reallocation.

The most well-known sequential economy is an overlapping generations (OLG) model
(Samuelson 1958). OLG models have an infinite number of traders and goods, which
implies that they have an infinite sequence of trading opportunities. In the OLG models,
the intertemporal allocation of resources is determined by a saving function, which
breaks the link between the growth rate of output and the rate of return on physical
capital defined by the Euler equation and the transversality condition. Hence, OLG
models can have dynamically inefficient equilibrium allocations, i.e., allocations where
the growth rate of output exceeds the rate of return on physical capital. In these
allocations, the productivity of physical capital is low compared to the Golden Rule
allocation and there is a case for the redistribution of resources through bubbles,
government debt, altruistic intergenerational transfers or some other mechanism of
intergenerational reallocation.1

Bubbles are persistent deviations from the fundamental value of the asset. Examples
include fiat money (Samuelson 1958), government Ponzi game debt (O'Connell and
Zeldes 1988), asset bubbles (Tirole 1985) or a price of the land (Rhee 1991). The
fundamental reason for bubbles in the OLG models is the infinite number of traders and
                                                          
1   Another example of sequential economies is Bewley's (1980) monetary model, which have a finite number of

traders, but an infinite sequence of trading opportunities due to borrowing constraints. For a more detailed discussion
on the sequential economies, see Santos and Woodford (1997).
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markets, which allows agents to use the non-fundamental value of the asset as a store of
wealth instead of savings in the physical capital. Tirole (1985) shows that the economy
can have bubbles and that bubbles increase the welfare of the economy if the economy
without bubbles is dynamically inefficient. Hence, a necessary condition for bubbles is
dynamic inefficiency.2 In Tirole's exogenous growth model, bubbles eliminate low
productivity of physical capital due to the overaccumulation of physical capital relative to
the Golden Rule. We show that similar results can be derived for the endogenous growth
model, where low productivity of physical capital can be caused by over- or
underaccumulation of physical capital relative to the Golden Rule.

Government debt can work in the economy in the similar way to bubbles. Diamond
(1965) considers a constant debt policy and shows that government debt can eliminate
dynamic inefficiency due to OLG-structure of the economy. As an alternative to the
constant debt policy, we can have a constant deficit policy. Azariadis (1993, 322) and De
la Croix and Michel (2002, 193) show that the economy with a constant deficit policy and
permanent budget deficits tends to have two bubble steady states with different types of
transitional dynamics if the economy without debt is dynamically inefficient. Moreover,
they show that permanent budget deficits have a maximum sustainable upper bound and
they decrease the effect of debt on the economy. We show that similar results can be
derived for the endogenous growth model.

In the OLG models with altruism, generations are linked to each other by altruistic
intergenerational transfers from parents to children (bequests, altruistic education
investments) and children to parents (gifts). Barro (1974) and Carmichael (1982) show
that as long as intergenerational transfers are positive, i.e., intergenerational transfer
motive is operative, government debt is neutral. Moreover, Carmichael (1982) shows that
a competitive equilibrium of the economy with an operative bequest motive is
dynamically efficient and a competitive equilibrium of the economy with an operative
gift motive is dynamically inefficient. Government debt does not eliminate gifts or
dynamic inefficiency in Carmichael's model, because lump sum transfers make
government debt the perfect substitute for intergenerational transfers. Because the debt
neutrality result depends on an operative intergenerational transfer motive, it is important
to determine when the transfer motives are operative. Weil (1987b) derives explicit
conditions under which the bequest motive is operative. He shows that the bequest
motive is inoperative if the agents' altruism is low, i.e., intergenerational discount rate is
small. Weil's result is extended to the two-sided altruism by Abel (1987) and Kimball
(1987), who show that gift and bequest motives form upper and lower bounds for
inoperative transfer motive equilibria. Moreover, Kimball (1987) shows that gift and
bequest motives cannot be operative in the same equilibrium if altruism is symmetric and
agents take the actions of other generations as given. General conditions for the existence
and co-existence of operative and inoperative transfer motive equilibria are derived by
Thibault (2000). We show that similar results can be derived for the endogenous growth
                                                          
2 If OLG models have imperfect risk-sharing, bubbles can also arise in the dynamically efficient economies (Bertocchi

1991, Gale 1995 and Blanchard and Weil 2001). In this case, an infinite number of agents and markets allows agents
to use the non-fundamental value of the asset as insurance against income fluctuations. Because our model does not
have any uncertainty, a necessary condition for bubbles is dynamic inefficiency.
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model. Moreover, we show that gifts are an imperfect substitute for bubbles and bubbles
eliminate gifts if altruism is symmetric and households take the actions of other
generations as given. On the other hand, altruistic education investments are a perfect
substitute for bequests if young agents do not face borrowing constraints.

1.2  Sources of economic growth

Endogenous growth models offer three fundamental sources of growth: human capital
accumulation due to education investments, technological progress due to R&D
investments and technological progress due to learning-by-doing externalities. The first
approach is based on Becker's (1964) theory of human capital and the seminal work by
Uzawa (1965), who argues that productivity of the economy depends on human capital,
which is accumulated through households' education investments. Uzawa's human capital
model is extended to the context of the endogenous growth literature by Lucas (1988).
The second approach is based on the seminal work by Nelson and Phelps (1966), who
argue that productivity of the economy depends on the firms' investments in R&D.
Nelson's and Phelps' R&D model is extended to the context of the endogenous growth
literature by Romer (1990) and Aghion and Howitt (1992). The third approach is based
on the seminal work by Arrow (1962), who argues that productivity of the economy
increases, because agents learn better working methods during the production process and
because knowledge of the working methods is a public good. Arrow's learning-by-doing
model is extended to the context of the endogenous growth literature by Romer (1986).3

Empirical literature on economic growth offers evidence on each of these sources of
growth, including standard approaches, Barro and Sala-i-Martin (1995) for education
investments, Benhabib and Spiegel (1994) and Coe and Helpman (1995) for R&D
investments and Romer (1986) for learning-by-doing externalities. There are also some
evidence that economic growth does not depend on either of these sources but merely
depends on physical factor accumulation (Mankiw et al. 1992, Jones 1995). However,
Bernanke and Gurkaynak (2001) show that long-run growth is significantly correlated
with decision and state variables of the economy, which implies that economic growth
cannot be explained purely by physical factor accumulation. Moreover, empirical
evidence suggests that human capital accumulation or technological progress alone
cannot explain the long-run economic development but that it depends on the interaction
of these factors (Temple 2000, Acemoglu 2002, Topel 2003).

Usually the endogenous growth models with human capital do not include technological
progress (Lucas 1988) and the endogenous growth models with technological progress
treat human capital as an exogenous stock (Romer 1986, Romer 1990, Aghion and
Howitt 1992). Recently, there have been a few attempts to integrate these approaches.
First, Acemoglu (1996) and Redding (1996) investigate the interaction between human
capital accumulation and technological progress due to R&D in a search model. These
studies imply that technological progress tends to have a positive effect on human capital
accumulation, because it increases incentives for education. Second, Eicher (1996), Galor
                                                          
3 For a more detailed discussion on the differences between education, R&D and learning-by-doing as sources of

economic growth, see Cannon (2000) and Storesletten and Zilibotti (2000).
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and Weil (2000) and Galor and Moav (2000) investigate the interaction between human
capital accumulation and technological progress due to R&D and/or learning-by-doing
externalities. These studies imply that technological progress tends to have a negative
effect on human capital accumulation, because it absorbs resources from the education
sector and/or it decreases the adaptability of human capital.

We focus on the latter type of interaction between human capital accumulation and
technological progress. Technological progress depends on learning-by-doing
externalities and it has two opposite effects on the model. First, technological progress
has a positive productivity effect on final goods production as in Romer (1986). Second,
it has a negative erosion effect on human capital accumulation as in Galor and Weil
(2000) and Galor and Moav (2000). The erosion effect arises because existing human
capital is not completely applicable in the new technological environment, i.e., human
capital is technology specific. The overall effect of technological progress on the
economy depends on the tradeoff between the productivity and erosion effects, which
allows us to generate some new results compared to models where the source of
economic growth is technological progress or human capital accumulation alone.

1.3  Ponzi games and government budget policy

In the last twenty years, the U.S. government has run budget deficits and experienced a
large increase in public debt. At the same time, the average rate of return on debt has
been below the average growth rate of output, which has allowed the government to roll
over the debt. This type of government debt finance policy, where old debt is financed by
issuing new debt instead of levying taxes, is called a Ponzi game. Ponzi games are an
example of bubbles. If the government uses Ponzi game debt finance, the present value of
future taxes does not cover the initial value of the debt and the government intertemporal
budget constraint does not hold. Hence, Ponzi games are not a neutral debt finance
policy, but they violate the Ricardian equivalence by redistributing resources from
children to parents. Ponzi games typically make sense in fast growing economies, where
children's lifetime incomes are likely to be higher than their parents' lifetime incomes.

Several researchers argue that Ponzi games are not sustainable in the long run (Sargent
and Wallace 1981, Abel et al. 1989, Ball et al. 1998).  The rationale for these results is
based on two suggestions, dynamic efficiency and a perfect risk-sharing between the
living generations. If the economy is not affected by production uncertainty, then the rate
of return on public debt is equal to the rate of return on physical capital. This implies that
in the dynamically efficient economy, the costs of debt grow faster than the output and
the government cannot roll over the debt. If the economy has production uncertainty and
the incomes of the living generations are perfectly correlated, the debt cannot be used as
insurance against income fluctuations. However, it is possible that the average risk-free
rate of return on public debt can be lower than the growth rate of output even if the rate
of return on physical capital exceeds the growth rate of output. In this case, the
government might be able to roll over the debt for some time but not forever, because the
costs of the debt would eventually exceed the output increase.
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Some researchers examine the issue from the alternative viewpoint, which allows
dynamic inefficiency (Bullard and Russell 1999, Chalk 2000) or imperfect risk-sharing
(Bertocchi 1991, Blanchard and Weil 2001, Gale 1995). They argue that moderate
permanent budget deficits are sustainable by Ponzi game debt finance and public debt can
even be welfare improving. However, the results are based on exogenous growth models,
where budget deficits and public debt do not affect the long-run growth rate of the
economy. This study attempts to fill this gap by considering Ponzi game debt finance in
the endogenous growth model, which allows dynamic inefficiency.

Because dynamic inefficiency is a necessary condition for Ponzi games in our model, the
question of whether actual economies are dynamically efficient is central to our study. In
this discussion, the main issue is the explanation for the fact that the average risk-free rate
of return on government debt has been lower than the average growth rate of output in the
U.S. economy. This question is also closely related to the difference between the risk-free
rate of return and the rate of return on equity, i.e., the Mehra and Prescott (1985) equity
premium puzzle. We can find three different explanations for the matter. First, if the
reason for the low risk-free rate of return is uncertainty and the economy does not have
non-systematic risk between the living generations, a sufficiently high risk aversion
would imply that the average risk-free rate of return can be below the grow rate of output
in the dynamically efficient economy (Abel et al. 1989). In this case, Ponzi games are not
feasible, because incomes of the living generations are perfectly correlated and Ponzi
games do not provide insurance against income fluctuations. Second, if the reason for the
low risk-free rate of return is uncertainty and the economy has nonsystematic risk
between the living generations, Ponzi games may be feasible, but not because of dynamic
inefficiency, but rather due to imperfect risk-sharing between the living generations
(Blanchard and Weil 2001). Third, if the reason for the low risk-free rate of return is
intermediation costs or other market imperfections, the low risk-free rate of return
implies dynamic inefficiency and a feasibility of Ponzi games (Bullard and Russell 1999,
Bohn 1999). As long as the equity premium puzzle remains unsolved, the comparison of
the growth rate of output between the rate of returns cannot give a decisive answer to the
empirical relevance of Ponzi games.4

Abel et al. (1989) develop an alternative empirical method to study dynamic efficiency,
which tries to avoid the equity premium puzzle. This so-called cash flow criterion
compares cash flows going in and out of the production sector. The cash flow criterion is
a strong argument against the dynamic inefficiency of the U.S. economy, because gross
profits of firms have exceeded gross investments in the U.S. in every post-war (1945-
2000) year. However, because gross profits and investments of firms are not necessarily
equal to the return on physical capital, it is not clear if this criterion is the correct way to
measure dynamic efficiency. In particular, gross profits of firms do not includes taxes,
intermediation costs and other frictions that might reduce the return on physical capital.
On the other hand, gross investments of firms do not include the consumption of
intermediate and durable goods. If we amend the cash-flow criterion with these costs and

                                                          
4 For a more detailed discussion on the equity premium puzzle, see Kocherlakota (1996).
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goods, it is possible that the post-war U.S. economy is dynamical inefficient (Bullard and
Russell 1999).

One way to connect dynamic inefficiency to the empirical discussion is calibration.
Calibrated versions of dynamically efficient OLG models usually imply unrealistically
high risk-free rate of returns and too low growth rates. For example in Auerbach and
Kotlikoff (1987) the real risk-free gross rate of return is 1.07 and the gross growth rate of
output is 1.01, while the corresponding values in the post-war U.S. data are 1.01 and
1.03, respectively. Bullard and Russell (1999) and Chalk (2000) show that this
inconvenience can be corrected if the economy is allowed to be dynamically inefficient
and the difference between the risk-free rate of return and the return on equity is
corrected with an exogenous equity premium. Moreover, Chalk finds that the U.S.
economy can sustain even 5% deficit/GDP ratio with Ponzi game debt finance. However,
Bullard and Russell and Chalk only consider exogenous growth OLG models. We study
the issue in the endogenous growth OLG model and show that the highest sustainable
level of deficit/GDP ratio in the U.S. economy is around 2.1%. Because the realized
value of U.S. deficit/GDP ratio has been 2% since 1980, our model implies that the
current deficit can be sustained purely by the Ponzi game debt finance.

1.4  Outline of the study

The study is organized in the following way. In Chapter 2 we describe the basic structure
of the endogenous growth OLG model, where the source of economic growth is human
capital accumulation due to education investments and technological progress due to
learning-by-doing externalities. We solve the competitive equilibrium of the model and
study the existence of steady states as well as transitional dynamics. Moreover, we also
consider the welfare properties of the steady states. In Chapter 3 we add an intrinsically
useless asset to the model and study the existence of bubbles. In Chapter 4 we add two-
sided altruism to the model. In Chapter 5 we consider government debt with permanent
budget deficits. Moreover, we study some empirical implications of the model and
calibrate the model to the U.S. data  Finally, in Chapter 6 we make some concluding
remarks.

2. AN ENDOGENOUS GROWTH  MODEL WITH HUMAN CAPITAL AND
    TECHNOLOGICAL PROGESS

In this chapter we present an endogenous growth overlapping generations (OLG) model,
where the source of economic growth is human capital accumulation due to education
investments and technological progress due to learning-by-doing externalities. The OLG
structure of the model allows stationary equilibrium allocations where the growth rate of
output exceeds the rate of return on physical capital, i.e., dynamic inefficiency. The
model is a variant of the three-period overlapping generations model with human capital
by Boldrin and Montes (2002), where young agents' education investments are financed
by borrowing. We add to the model technological progress due to learning-by-doing
externalities. Technological progress has a positive effect on physical capital
accumulation as in Boldrin (1992), Azariadis and Reichlin (1996) and Antinolfi et al.
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(2001), but it also erodes human capital as in Galor and Weil (2000) and Galor and Moav
(2000).

We focus on a particular class of stationary solutions, which allows perpetual growth in
the steady state. These types of solutions are called balanced growth equilibria (BGE). In
the BGE, all endogenously accumulated variables grow at the same rate, which implies
that every steady state of the economy in terms of effective variables is a BGE. A BGE is
a common equilibrium concept in growth models, because it maintains the tractability of
the analysis and fulfills some empirical regularities, which are part of the so-called
Kaldor's facts (Barro and Sala-i-Martin 1995).

The existence of BGE also imposes some restrictions on the model. In particular, it
implies that the utility function must be additive separable and homogenous and
production functions must be linearly homogenous  (Jones and Manuelli 1990). These
restrictions eliminate transitional dynamics in the perpetual growth equiliria if the model
does not have human capital (Grossman and Yanagawa 1993) or human capital is
accumulated purely by education investments (Caballe 1995, Rangazas 1996). To avoid
this inconvenience we assume that human capital is also accumulated by
intergenerational externalities as in Azariadis and Drazen (1990).

To satisfy the requirements for the existence of BGE and to maintain the tractability of
the analysis, we assume a log-linear utility function and Cobb-Douglas production
functions. We show that the model has a unique balanced growth equilibrium and the
qualitative properties of the equilibrium depend directly on the degrees of returns to scale
in the intensive forms of human capital and final goods production functions. The degrees
of returns to scale, on the other hand, are determined by the productivity and erosion
effects of technological progress.

2.1  The model

Agents live for three periods and they are identical within generations. The first period
(young age) is devoted to education, the second period (adulthood) to employment and
the last period (old age) to retirement. There is a single commodity in the economy,
which can be either consumed or invested in physical capital or education. When young,
agents decide on education investments.5 Education investments are financed by
borrowing on capital markets, because agents are born without physical endowments. We
therefore assume that young agents have perfect access to capital markets and they can
borrow against their future income.6 Adults supply inelastically one unit of labor, pay

                                                          
5   For simplicity we assume that agents do not consume or work in the first period. Young agents' consumption can be

thought of as included in their parents consumption. The tradeoff between working and studying is considered by
Azariadis and Drazen (1990) and Michel (1992) among others. In this type of model, agents work in several periods,
which complicates households' saving behavior. In particular, the existence of dynamic inefficiency also depends on
labor productivity. A sufficiently high labor productivity of old agents can eliminate dynamic inefficiency by
maintaining low savings and high rate of return on physical capital (Decreuse and Thibault 2001)

6  The simplest way to add education investments in the OLG models is to allow young agents to have perfect access to
capital markets and to use human capital as collateral to finance their education spending. Usually human capital
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their debt and accrued interest on debt and allocate the rest of labor income between
consumption and savings. When old, agents are retired and they consume their savings
and accrued interest on savings.

The generation at work in period t and born in period t-1 is indexed by t. Periodic budget
constraints for generation t are:

(1a)    c1t+st+Rtet-1= htwt

(1b)    c2t+1=Rt+1st

where c1t is the consumption in adulthood, c2t+1 is the consumption in old age, st is the
savings, Rt+1 =1+rt+1 is the gross rate of return on savings, ht is the amount of human
capital (or effective labor supply), wt is the wage per effective unit of labor and et-1 is the
investment in education.

Periodic budget constraints (1a) and (1b) can be combined into a single lifetime budget
constraint:

(2)    c1t+Rtet-1+c2t+1/Rt+1= htwt

Final goods are produced by the following C-D production function:

(3)    Yt=F(Kt,Ht,
_ 
kt)=Kt

αHt
1-α 

_
kt
η         0<α<1, η>0

where Kt=Ntkt is the aggregate physical capital, kt is the physical capital per worker,
Ht=Ntht is the effective aggregate labor supply (or aggregate human capital), Nt is the size
of generation t, kt=Kt/Ht is the physical capital per effective unit of labor and k̄t  is the
average level of kt and it represents technological progress due to the learning-by-doing
externality effect.

Parameter α defines the effect of physical and human capital on the final goods
production. Constraint 0<α<1 implies that the final goods production function is
increasing and strictly concave in Kt

 and Ht and it fulfills the Inada conditions for Kt
 and

Ht. Hence, the final goods production function satisfies the standard properties for
interior profit maximization.

Parameter η defines the effect of technological progress on the final goods production.
Constraint η>0 implies that the final goods production function is increasing in k̄t.
                                                                                                                                                                            

cannot be used as collateral for a loan, but many countries have working student loan markets, which allow young
agents to borrow against their future income. OLG models with education investments and perfect access to capital
markets are studied by Boldrin and Montes (2002), De La Croix and Michel (2002, 269) and Marchand et al. (2003)
among others. Alternative way to finance education investments is parental funding or public education. Parental
funding is studied in Chapter 4, where we add altruism to the model. Public education is studied by Glomm and
Ravikumar  (1992) and  Kaganovich and Zilcha (1999) among others.
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The idea that technological progress depends on positive spillovers from economy-wide
factors of production is developed by Arrow (1962) and Romer (1986). They arise
because agents learn better working methods during the production process when they
repeatedly deal with the same problems and the knowledge of working methods is a
public good. OLG models where the source of economic growth is technological progress
due to learning-by-doing externalities are studied by Boldrin (1992), Azariadis and
Reichlin (1996) and Antinolfi et al. (2001) among others. The analytical purpose of
adding a positive productivity effect of technological progress to the economy is to allow
increasing returns to scale in the intensive form of the final goods production function
F(Kt,Ht, k̄t)/Ht= F(kt,1, k̄t) ≡ f(kt, k̄t)=kt

α k̄t 
η. If f has increasing returns to scale, i.e.,

α+η>1, then the rate of return on physical capital is increasing in physical capital and the
properties of the model are different from those in models, where the source of growth is
human capital accumulation or technological progress alone.

Markets for physical capital, consumption goods and labor are assumed to be perfectly
competitive and the depreciation rate of physical capital is assumed to be one.7 It follows
that in the competitive equilibrium of the factor markets, factors are paid their private
marginal products:

(4a)   Rt=F1(Kt,Ht,
_
kt)=αkt

α-1
_
kt
η

(4b)   wt=F2(Kt,Ht,
_
kt)=(1-α)kt

α 
_
kt
η

Human capital is accumulated by the following Cobb-Douglas (C-D) production
function:

(5)   ht=G( 

_
ht-1,et-1,

_
kt)= 

_
ht-1 

1-δ et-1
δ 
_
kt

-µ      0<δ<1, 0<µ<1

where  
_
ht-1 is the average level of ht-1 and represents the intergenerational externality

effect.

Parameter δ defines the effect of education investments on human capital accumulation.
Constraint 0<δ<1 implies that the human capital production function is increasing and
strictly concave in et-1 and it fulfills the Inada conditions for et-1. Hence, the human
capital production function satisfies the standard properties for  interior utility
maximization with respect to education investments.

Parameter δ also defines the effect of intergenerational externalities on human capital
accumulation. Constraint 0<δ<1 also implies that the human capital production function
is increasing inht-1. The idea that human capital is transmitted between generations by
intergenerational externalities is developed by Azariadis and Drazen (1990).
Intergenerational externalities arise because children inherit production skills from the
previous generation. The analytical purpose of adding them into the economy is to allow
                                                          
7 In calibration a period in a three-period OLG model is usually interpreted to be 20-25 years. From this viewpoint full

depreciation of physical capital is empirically a plausible assumption.
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transitional dynamics. Without these externalities, the linear homogeneity requirement of
the human capital production function tends to eliminate the transitional dynamics of the
model in the balanced growth equilibrium as in Caballe (1995) and Rangazas (1996).

Parameter µ defines the effect of technological progress on human capital accumulation.
Constraint 0<µ<1 implies that the human capital production function is decreasing and
strictly convex in k̄t.8 Strict convexity implies that technological progress erodes human
capital at a decreasing rate such that human capital will not become zero at high rates of
technological progress. The idea that technological progress has a negative effect on
human capital accumulation is developed by Galor and Weil (2000) and Galor and Moav
(2000).9 Technological progress erodes human capital, because human capital is
technology specific and existing human capital is not completely applicable in the new
technological environment. The analytical purpose of adding a negative erosion effect of
technological progress to the economy is to allow negative returns to scale in the
intensive form of the human capital production function G(h̄t-1,et-1, k̄t)/h̄t-1=
G(1,et-1/  ̄ht-1, k̄t)≡ g(et-1/ h̄t-1, k̄t)=(et-1/ h̄t-1)δ k̄t

-µ. If g has negative returns to scale, i.e.,
δ-µ<0, then the balanced growth rate is decreasing in physical capital and the properties
of the model are different from those in models, where the source of growth is human
capital accumulation or technological progress alone.

Households of generation t have the following additive separable logarithmic utility
function

(6)    U(c1t,c2t+1)=u(c1t)+ρu(c2t+1)   ρ>0

         u(cit)=lncit    for i=1,2

where ρ is the individual discount factor.

Logarithmic utility and constraint ρ>0 imply that the utility function is increasing, strictly
concave and it fulfills the Inada conditions. Hence, it satisfies the standard properties for
interior utility maximization with respect to consumption. From the additive separability
of U it follows that U12=U21=0, which implies that consumption is a normal good in both
periods. The normality assumption allows us to solve the decision functions and to sign
certain partial derivatives of them (Azariadis 1993, 198).10

                                                          
8 Restriction µ<1 is not necessary for the results of the model, because assumption µ>0 alone guarantees that the human

capital production function is decreasing and strictly convex inkt. The motivation for this restriction is that it
simplifies the model to some extent by eliminating cyclical solutions. For details, see section 2.2.

9 Galor and Weil (2000) and Galor and Moav (2000) focus on economic development and wage inequality rather than
endogenous growth, which makes their models different from our model. However, the idea that technological
progress depends on the economy-wide factors of production and that it erodes human capital accumulation is the
same.

10 For the effects of non-separable U on the dynamics of  OLG models, see Michel and Venditti (1997).
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Before presenting the households' utility maximization problem, we must determine how
households form expectations about future prices. We assume that households of
generation t foresee future prices wt, Rt and Rt+1 correctly, i.e., households have perfect
foresight.11

Households choose the optimal amounts of consumption and education investments to
maximize utility function (6) subject to lifetime budget constraint (2) and human capital
production function (5). Substituting (2) and (5) into the utility function (6) simplifies the
households' t utility maximization problem to the following unconstrained problem:

(7)     max  u(c1t)+ρu[Rt+1( G(
_
ht-1,et-1,

_
kt)wt-c1t-Rtet-1)]

          c1t,et-1

The first-order conditions are:

(8a)   u'(c1t)=Rt+1ρu'(c2t+1)

(8b)   Rt =G2(
_
ht-1,et-1, 

_
kt)wt

where c1t,c2t+1,et-1 > 0 by Inada-conditions. The first-order conditions are sufficient for the
maximum, because objective function (7) is strictly concave in c1t and et-1by (5) and (6).

By using the explicit forms of production and utility functions, we can solve the savings
and consumption from (8a) and (8b) as a linear function of wage income, and education
investments from (8b) as a linear function of discounted wage income. Substituting  (1a),
(1b) and (6) into (8a) and (5) into (8b) implies:

(9a)   st=[ρ/(1+ρ)](1-δ)htwt

(9b)   c1t=[1/(1+ρ)](1-δ)htwt

(9c)   et-1=δhtwt/Rt

Equations (9a), (9b) and (9c) are identified as saving, consumption and education
functions, respectively. These functions imply that decision variables depend linearly on
wage income as usual in the economies with a log-linear utility function.

Asset and goods market clearing conditions are:

(10)    Ntst= Kt+1+Nt+1et

(11)    F(Kt,Ht,
_
kt)=Ntc1t+Nt-1c2t+Nt+1et+Kt+1    

                                                          
11 For alternative assumptions of expectations in the OLG models, see for example Evens and Honkapohja (1999).
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The equilibrium of the economy is defined as:

DEFINITION 1: A competitive equilibrium of the economy  is a sequence
{c1t,c2t+1,et,ht,kt+1}∞t=0 such that
(i) c1t, c2t+1 and et-1 maximize utility (6) subject to budget constraint (2) and human
capital production function (5) under given factor prices and external effects
(ii) factors are paid their marginal products (4)
(iii) budget constraints (1) and market clearing conditions (10) and (11) are satisfied  
(iv)  k0>0, h0>0
(v)kt=kt andht=ht

We focus on a particular class of competitive equilibria called balanced growth
equilibria, which allows perpetual growth in a steady state: 12

DEFINITION 2: A balanced growth equilibrium is a competitive equilibrium in which
c1t, c2t, et, ht and kt  grow at the same endogenous gross growth rate γ.

In the balanced growth equilibrium, all endogenously accumulating variables grow at the
same rate. This type of stationary equilibrium is convenient for two reasons. First, it
maintains the tractability of the analysis in models with perpetual endogenous growth.13

Second, along the balanced growth equilibrium path, the rate of return on physical capital
and the growth rate of per worker output are constants, which fulfills part of the so-
called Kaldor's facts (Barro and Sala-i-Martin 1995).

Equations (4), (5), (9), (10) and (11) define the competitive equilibrium of the economy:

(12a)   nγtkt+1+net=[ρ/(1+ρ)](1-δ)wt

(12b)   c1t=[1/(1+ρ)](1-δ)wt

(12c)   kt
α+η=c1t+c2t/n+net+nγtkt+1

(12d)   et=[δ(1-α)/α]1/(1-δ) kt+1
(1-µ)/(1-δ)  ≡e(kt+1)

(12e)   γt 

 
=[δ(1-α)/α]δ/(1-δ) kt+1

(δ-µ)/(1-δ) ≡γ(kt+1)

(12f)   wt=(1-α)kt
α+η ≡w(kt)

                                                          
12 The existence of balanced growth paths requires that the utility function is additive separable and homogenous and

production functions are linearly homogenous  (Jones and Manuelli 1990). These requirements are satisfied by
functions (3), (5) and (6).

13 If the economy does not have a balanced growth equilibrium, steady state equilibria of the economy do not sustain
perpetual endogenous growth. In this case, endogenous growth equilibria are unstable equilibrium trajectories, which
converge to the infinity. The analysis of the unstable equilibrium trajectories is much more complicated than the
analysis of the steady state equilibria. For the analysis of the unstable equilibrium trajectories, see Boldrin (1992),
Azariadis and Reichlin (1996) and Antinolfi et al. (2001).
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(12g)   Rt=αkt
α+η-1 ≡R(kt)

where n=Nt+1/Nt is the gross growth rate of population, c1t=c1t/ht and c2t=c2t/ht are the
consumption per effective unit of labor, et=et/ht is the education per effective unit of
labor, γt=ht+1/ht 

 
 is the gross growth rate per worker and (12d)-(12g) define et, γt, wt+1 and

Rt+1 as functions of kt+1.

Definition 2 implies that every steady state of system (12) is a balanced growth
equilibrium, because in the steady state c1=c1t/ht, e=et/ht and k=kt/ht , i.e., c1t,c2t, et, ht and
kt grow at the same endogenously determined gross growth rate γ(k)

 
=ht+1/ht.

If the economy does not have human capital accumulation, i.e., δ=0 and µ=0, then et=0
and γt 

 
=1 by (12d) and (12e). In this case, the source of economic growth is technological

progress alone and the economy has a balanced growth equilibrium only if α+η=1, which
implies that the gross growth rate is kt+1/kt=[ρ/(1+ρ)](1-α)/n by (12a). Because Kt+1/Kt=
nkt+1/kt=[ρ/(1+ρ)](1-α)<1, the economy disappears in time. This can be corrected by
adding a scale factor to the production function, i.e., F(Kt,Ht, k̄t)=ΛKt

αHt
1-α k̄t

η, where
Λ>1/[ρ/(1+ρ)](1-α). This type of model is studied by Saint-Paul (1992), Grossman and
Yanagawa (1993) and King and Ferguson (1993) among others. If δ=0 and α+η>1, then
the economy does not have a balanced growth equilibrium, but it has a non-balanced
growth equilibrium, which displays perpetual endogenous growth. This type of model is
studied by Boldrin (1992), Azariadis and Reichlin (1996) and Antinolfi et al. (2001)
among others.

If the economy does not have technological progress, i.e., η=0 and µ=0, then the source
of economic growth is human capital accumulation alone and γ'>0 and R'<0. This type of
model is studied by Azariadis and Drazen (1990), Michel (1992), Kahn et al. (1997),
Boldrin and Montes (2002) and Marchand et al. (2003) among others.

2.2  Steady states and transitional dynamics

In this section we consider the existence of non-trivial steady states and transitional
dynamics in the economy. Galor and Ryder (1989) show that exogenous growth OLG
models with a log-linear utility function and C-D production functions have a unique
non-trivial steady state, which is globally stable in the forward dynamics. We show that
this result also holds in our model if the effects of technological progress are weak. If the
productivity effect of technological progress is sufficiently strong, it can make the non-
trivial steady state globally unstable. A similar result holds in the endogenous growth
OLG models, where the source of growth is technological progress due to learning-by-
doing externalities alone (Boldrin 1992, Azariadis and Reichlin 1996, Antinolfi et al.
2001). However, the interpretation of the unstable steady state in these models is different
from that in our model, because steady states do not sustain perpetual growth in the
models. If the erosion effect of technological progress is sufficiently strong, it can also
make the non-trivial steady state globally unstable.
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Substituting (12d-f) into (12a) simplifies system (12) to the following scalar system:

(13)   n[1+δ(1-α)/α]γ(kt+1)kt+1=[ρ/(1+ρ)](1-δ)w(kt)

Equation (13) can be solved in the backward or forward dynamics. The dynamic
equilibrium of the production economy is usually solved in the forward dynamics,
because the initial value of k0 is historical data and is given by the definition of the
competitive equilibrium.

Equation (13) defines the following mapping in the forward dynamics:

(14)   kt+1=Φkt
(α+η)(1-δ)/(1-µ)≡φ(kt)

where Φ={[ρ/(1+ρ)](1-δ)(1-α)/n[δ(1-α)/α]δ/(1-δ)[1+δ(1-α)/α]}(1-δ)/(1-µ) >0 by 0<δ<1, ρ>0
and 0<α<1.

From (14) it follows that

(15)  φ'=[(α+η)(1-δ)/(1-µ)]kt+1/kt

where φ'>0 by 0<δ<1, η>0, 0<α<1 and 0<µ<1.14

If the human capital production function does not have intergenerational externalities,
i.e., if δ=1, then kt+1= [α/(1-α)]1/(1-µ) by (14), which implies that the economy does not
have transitional dynamics. With intergenerational externalities, i.e., when δ<1, we
cannot make this type of simplification and the model has transitional dynamics.

By using (14) and (15) we can show:

PROPOSITION 1: (i) The economy has a trivial steady state k =0. If
(α+η)(1-δ)/(1-µ)≠1, then the economy also has a unique non-trivial steady state.
(ii) If (α+η)(1-δ)/(1-µ)<1, then the non-trivial steady state is globally stable.
(iii) If (α+η)(1-δ)/(1-µ)>1, then the non-trivial steady state is globally unstable.

PROOF: (i) Difference equation (14) has a trivial solution φ(0)=Φ0(α+η)(1-δ)/(1-µ)=0,
because (α+η)(1-δ)/(1-µ)>0. Moreover, it has a unique non-trivial steady state k=φ(k) as
long as φ'(k)=(α+η)(1-δ)/(1-µ)≠1, because mapping φ(kt) is an exponential function.15 If

                                                          
14 If µ>1, then φ'<0. In this case, the economy has a unique non-trivial steady state. If (α+η)(1-δ)/(1-µ)<-1, then the

non-trivial steady state is an unstable spiral. If (α+η)(1-δ)/(1-µ)=-1, then the non-trivial steady state has an infinite
number of 2-period cycles around it. If -1<(α+η)(1-δ)/(1-µ)<0, then the non-trivial steady state is a stable spiral.

15 Exponential function φ(k)=ka satisfies φ'>0,φ''<0, limk→0 φ'(k)=∞ and limk→∞ φ'(k)=0 if 0<a<1 and φ'>0,φ''>0, limk→0
φ'(k)=0 and limk→∞ φ'(k)=∞ if a>1, which are necessary and sufficient conditions for the existence of a unique non-
trivial steady state.
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(α+η)(1-δ)/(1-µ)=1, then equation (14) has zero or infinite number of non-trivial steady
states.

(ii-iii) The local dynamics of the non-trivial steady state in system (14) is topologically
equivalent to the dynamics of the non-trivial steady state in linearized system by the
Hartman-Grobman theorem if φ(k) is invertible and the non-trivial steady state is
hyperbolic (Azariadis 1993, 59). These conditions are satisfied if φ'(k)≠0 and φ'(k)≠1.
Because (α+η)(1-δ)/(1-µ)>0, the Hartman-Grobman theorem applies as long as
(α+η)(1-δ)/(1-µ)≠1. The global dynamics of the non-trivial steady state in system (14) is
topologically equivalent to the local dynamics of the steady state if mapping φ does not
have other stable non-trivial invariant sets in addition to the non-trivial steady state
(Azariadis 1993, 85-92). This is true as long as (α+η)(1-δ)/(1-µ)≠-1, because k=φ2(k)=
Φ(Φk(α+η)(1-δ)/(1-µ))(α+η)(1-δ)/(1-µ) does not have other non-trivial solutions than
k=φ(k)=Φk(α+η)(1-δ)/(1-µ). Hence, if φ'(k)=(α+η)(1-δ)/(1-µ)<1, then the non-trivial steady
state is a stable node. If φ'(k)=(α+η)(1-δ)/(1-µ)>1, then the non-trivial steady state is an
unstable node. Q.E.D.

Proposition 1 implies that the economy has a unique non-trivial steady state except in the
special case (α+η)(1-δ)/(1-µ)=1, where it has zero or infinite number of non-trivial
steady states. Moreover, it implies that the stability of the non-trivial steady state depends
on the degree of returns to scale in production functions g and f, i.e., on
the strength of the productivity and erosion effects of technological progress.

If g and f have decreasing returns to scale, then the non-trivial steady state is stable,
because δ-µ>0 and α+η<1 ⇒ (α+η-1)(1-δ)<δ-µ ⇒ (α+η)(1-δ)/(1-µ)<1. This result is
sensible, because the same is true for the exogenous growth OLG models with a log-
linear utility function and C-D production functions (Galor and Ryder 1989).

If f has increasing returns to scale (α+η>1), then it is possible that (α+η-1)(1-δ)>δ-µ ⇒
(α+η)(1-δ)/(1-µ)>1. In this case, the non-trivial steady state is unstable. A similar result
holds for the endogenous growth OLG models, where the source of growth is
technological progress due to learning-by-doing externalities alone (Boldrin 1992,
Azariadis and Reichlin 1996, Antinolfi et al. 2001). The interpretation of the unstable
steady state in these models is different from that in our model. They are not balanced
growth equilibrium models, which implies that they do not sustain perpetual growth in
the steady state. Hence, the unstability of the non-trivial steady state is a necessary
condition for the perpetual growth in these models. Because our model sustains perpetual
growth in the steady state, the unstability of the non-trivial steady state is not required for
perpetual growth.

If g has negative returns to scale (δ-µ<0), then it is also possible that (α+η-1)(1-δ)>δ-µ
⇒ (α+η)(1-δ)/(1-µ)>. Hence, the erosion effect of technological progress is an additional
reason for the unstability of the non-trivial steady state.
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A log-linear utility function and C-D production functions are not necessary for the
existence of a balanced growth equilibrium in the model. However, if we allow more
general forms of utility and production functions than (3), (5) and (6), then the dynamics
of the economy can be more complicated than Proposition 1 indicates and the stability of
the non-trivial steady state also depends on model properties other than the degrees of
returns to scale in the production functions g and f. For example, with a constant
elasticity of substitution (CES) utility function, it is possible that φ is a multivalued
mapping and the economy can have multiple non-trivial steady states, periodic solutions
and indeterminacy. The same is also true if we have production functions, which allow
indirect effects of technological progress through technological complementaries.16

The global dynamics of system (14) can be also analyzed qualitatively by phase-diagrams
in the (kt+1,kt) space. For this purpose, let us consider time paths, which satisfy kt+1≥ kt.
Equation (14) implies that

(16)    kt ≤ φ(kt) 
 
  if  kt+1≥ kt

From (16) it follows that kt is increasing when φ lies above the 45o line and decreasing
when φ lies below the 45o line. Hence, the global dynamics of the non-trivial steady state
can be demonstrated by the following phase-diagrams:

kt+1                                                                                kt+1

                    k                       kt                                                           k                                          kt
             (a)                                                                  (b)

FIGURE 1 Global dynamics of the non-trivial steady state when (a) (α+η)(1-δ)/(1-µ)<1
(b) (α+η)(1-δ)/(1-µ)>1

2.3  Characterization of dynamic inefficiency

In this section we examine the welfare properties of the competitive equilibrium. In
particular, we consider so called dynamic inefficiency. Usually, dynamic efficiency is
meant to convey productive efficiency, which is connected to the physical capital
                                                          
16 For the analysis of the model with general forms of production functions and a constant elasticity of substitution

utility function, see Appendix 1.
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overaccumulation relative to the Golden Rule (Cass 1972). In the endogenous growth
OLG models, productive efficiency is not an appropriate method to evaluate dynamic
efficiency, because it is not able to indicate all allocations, where intergenerational
reallocation is feasible. Hence, we adapt a stronger measure of dynamic efficiency than
Cass (1972) and show that dynamic inefficiency can be connected to physical capital
over- or underaccumulation relative to the Golden Rule allocation.

To characterize the social optimum, we assume a social planner, who maximizes the sum
of discounted utilities over generations subject to the resource constraints of the
economy. The competitive equilibria of the economy may differ from the social optimum
in two ways. First, the OLG-structure of the model may cause a failure in the households'
saving behavior. Because this inefficiency is connected to the allocation of resources
between generations, it is called dynamic inefficiency. Second, intergenerational and
learning-by-doing externalities cause a difference between the private and the social
returns from education and physical capital investments. The welfare loss due to
externalities is called static inefficiency.

Both inefficiencies affect the accumulation of physical capital and economic growth,
which makes the welfare analysis of the model difficult. To maintain the tractability of
the analysis, we conduct the welfare analysis in the second-best setting, where the social
planner does not internalize externalities.17 The second-best problem typically occurs
when the economy lacks suitable instruments to fulfill some part of the optimality
conditions (Lipsey and Lancaster 1956).

Social planner has the following utility function:

(17)  W=u(c20)+∑∞
t=0 ωt[u(c1t)+ρu(c2t+1)]       ω>0

where ω is the social discount factor.

Utility function W is a weighted sum of generations' utilities alive at date 0 or later.
Hence, we can obtain all Pareto optimal allocations by varying the weights ωt in the
feasible range of the parameter space. To ensure that the objective function of the planner
is finite, we must set some restrictions (transversality conditions) on the feasible values of
the weights. These restrictions define the feasible range of  Pareto optimal allocations.

The resource constraints of the economy are:

(18a)    F( kt,ht,
_
kt)=c1t+c2t/n+net+nkt+1    

(18b)    ht+1=G( 

_
ht,et, 

_
kt+1)

 
  

                                                          
17 In the endogenous growth OLG models the welfare loss due to externalities can be eliminated by distortionary

subsidies and taxes. For the elimination of static inefficiency, see  Saint-Paul (1992), Caballe (1995) and Marchand
et al. (2003).
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(18c)    ht= 

_
ht

(18d)    kt= 

_
kt

where constraints (18c) and (18d) imply that the planner internalizes externalities.

In the first-best problem the planner chooses the optimal amounts of consumption,
education investments, human capital and physical capital to maximize utility function
(17) subject to (18a-d). Substituting (18c-d) into (18a-b) and (18a) into the utility
function (17) simplifies the planner's utility maximization to the following Lagrangean:

(19)     max   u(c20)+∑∞
t=0 ωt{u[F^(kt,ht)-c2t/n-net-nkt+1]+ρu(c2t+1)]+λt[ht+1-G^(ht,et, kt+1)]}

          {c2t+1,et,ht+1,kt+1}∞t=0

where F^(kt,ht)≡F(kt,ht,kt/ht) and ht+1=G^(ht,et, kt+1) is defined implicitly by ht+1=G(ht,et,
kt+1/ht+1).

The first-order conditions are:

(20a)   ω(1/n)u'(c1t+1)=ρu'(c2t+1)

(20b)   nu'(c1t)+λtG^2(ht,et, kt+1)=0

(20c)   ωF^2(kt+1,ht+1)u'(c1t+1)+λt=ωλt+1G^1(ht+1,et+1, kt+2)

(20d)   ωF^1(kt+1,ht+1)u'(c1t+1)=nu'(c1t)+λtG^3(ht,et, kt+1)

where c1t,c2t+1> 0 by Inada-conditions.

The transversality conditions are:18

(20e)  lim t→∞ ωt u'(c1t)kt=0

(20f)  lim t→∞ ωt u'(c1t)et=0

(20g)  lim t→∞ ωt u'(c1t)ht=0

From conditions (20b-d) it follows that:

(21a)   R*t+1=G^2(ht,et,kt+1)w*t+1

                                                          
18 The transversality condition ensures that the objective function is finite for all feasible allocations. For details, see De

La Croix and Michel (2002, 103).
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(21b)   nu'(c1t)/u'(c1t+1)=ωR*t+1

where R*t+1=F^1(kt+1,ht+1)/[1-G^3(ht,et, kt+1)/G^2(ht,et, kt+1)] and w*t+1=F^2(kt+1,ht+1)-
nG^1(ht+1,et+1, kt+2)/G^2(ht+1,et+1, kt+2).

Equation (21a) determines the optimal allocation of education investments. It is equal to
the households' first-order condition (8b) except that the private gross rate of return on
physical capital Rt+1 is replaced by the social gross rate of return on physical capital R*t+1
and the private wage rate wt+1 is replaced by the social wage rate w*t+1. Equation (21b)
determines the optimal allocation of physical capital and it is usually called the Euler
equation. In the planner's problem, the Euler equation replaces the households' saving
function (9a).

If externalities are sufficiently strong, then the planner's production possibility set is non-
convex. From non-convexity it follows that the Kuhn-Tucker Theorem does not apply
and the first-order conditions of the social planner's utility maximization problem are not
sufficient conditions for the maximum.

Besides the fact that the planner's problem with externalities may be ill-defined, the
effects of externalities may conflict with each other and their overall effect is ambiguous.
First, learning-by-doing externalities in the final goods production function cause
underaccumulation of physical capital relative to the social optimum. Second, learning-
by-doing externalities in the human capital production function cause overaccumulation
of physical capital relative to the social optimum. Third, intergenerational externalities in
the human capital production function implies underinvestments in education, which can
cause over- or underaccumulation of physical capital relative to the social optimum.
Moreover, the effects of externalities may conflict with the effect of dynamic
inefficiency.

To avoid these problems, we consider a second-best problem, where the planner does not
internalize externalities. Hence, externalities form an additional distortion to the planner's
problem. Usually second-best analysis is used in the public finance literature to determine
welfare implications of distionary taxation. However, Lipsey and Lancaster (1956) show
that the second-best setting applies to a much wider class of problems. More recently,
Kehoe et al. (1992) use a second-best analysis in model with externalities and non-
convexity.

In the second-best problem the planner chooses the optimal amounts of consumption,
education investments, human capital and physical capital to maximize utility function
(17) subject to (18a-b).  Substituting (18a-b) into the utility function (17) simplifies the
planner's utility maximization to the following unconstrained problem:

(22)     max  u(c20)+∑∞
t=0 ωt{u[F(kt,G( 

_
ht-1,et-1, 

_
kt),

_
kt)-c2t/n-net-nkt+1]+ρu(c2t+1)}

          {c2t+1,et,kt+1}∞t=0

The first-order conditions are:
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(23a)   ω(1/n)u'(c1t+1)=ρu'(c2t+1)

(23b)   nu'(c1t)=ωG2( 

_
ht,et, 

_
kt+1)F2(kt+1,ht+1,

_
kt+1)u'(c1t+1)

(23c)   nu'(c1t)=ωF1(kt+1,ht+1,
_
kt+1)u'(c1t+1)

where c1t,c2t+1,et,kt+1 > 0 by Inada-conditions.

The transversality conditions are:

(23d)  lim t→∞ ωt u'(c1t)kt=0

(23e)  lim t→∞ ωt u'(c1t)et=0

Conditions (23) together with (18c) and (18d) are sufficient for the maximum, because
objective function (22) is strictly concave in {c2t+1,et,kt+1}∞t=0 by (3), (5) and (6).

From conditions (23b), (23c), (18c) and (18d) it follows that:

(24a)   Rt+1=G2(ht,et,kt+1)wt+1

(24b)   nu'(c1t)/u'(c1t+1)=ωRt+1

where Rt+1=F1(kt+1,ht+1, kt+1) and wt+1=F2(kt+1,ht+1, kt+1) as in the competitive equilibrium.
It follows that the solution of the planner's second-best problem is similar to the
competitive equilibrium except that the accumulation of physical capital is determined by
the Euler equation (24b) instead of the saving function (9a).

To clarify what we mean by dynamic inefficiency, let us define:

DEFINITION 3:  If a competitive equilibrium solves the planner's second-best problem
(22) for some ω>0, then it is said to be dynamically efficient. If a competitive equilibrium
does not solve the  planner's second-best problem (22) for any ω>0, then is said to be
dynamically inefficient. If a competitive equilibrium satisfies Rt+1=R*t+1 and wt+1=w*t+1
for all kt, then it is said to be statically efficient. If a competitive equilibrium has
Rt+1≠R*t+1 or  wt+1≠w*t+1  for some kt, then it is said to be statically inefficient.

Definition 3 implies that dynamic inefficiency is a welfare loss due to OLG-structure of
the economy while static inefficiency is a welfare loss due to externalities. By using
Definition 3 we can show:

PROPOSITION 2:  If nγ>R in the non-trivial steady state, then it is dynamically
inefficient. If nγ≤R in the non-trivial steady state, then it is dynamically efficient.    
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PROOF: Substituting utility function (6) into the Euler equation (24b) implies that
nγtc1t+1/c1t=ωRt+1, where γt 

 
 is defined implicitly by (18b) and (24a) as in the competitive

equilibrium. It follows that a dynamically efficient steady state allocation must satisfy
nγ=ωR. Substituting (6) into transversality condition (23d) implies that lim t→∞ ωt k/c1=0,
which is satisfied when 0<ω<1. The limit case ω=1 does not satisfy the transversality
condition (23d). In this case, however, we can obtain the solution of the planner's
problem by modifying the planner's objective to u(c20)-u(c2^)+∑∞

t=0 ωt[u(c1t)+ρu(c2t+1)-
u(c1^)-ρu(c2^)], where u(c1^)+ρu(c2^) is the maximum stationary utility level (De la
Croix and Michel 2002, 92). Hence, feasible values of weights are 0<ω≤1. It follows that
if nγ=ωR>R in the non-trivial steady state, then the planner can increase the welfare of
the economy for all feasible ω and the allocation must be dynamically inefficient. On the
other hand, if nγ<R in the non-trivial steady state, then the planner cannot increase the
welfare of the economy for some feasible ω and the allocation must be dynamically
efficient. Q.E.D.

Proposition 2 implies a simple condition for the dynamic inefficiency of the non-trivial
steady states. From equations (12f), (12g) and (13) it follows that in the competitive
equilibrium nγ/R=[(1-α)/α]nγk/w=[ρ/(1+ρ)]/[α/(1-α)(1-δ)+δ/(1-δ)], where
[ρ/(1+ρ)]/[α/(1-α)(1-δ)+ δ/(1-δ)] can be smaller or higher than unity by 0<ρ<1, 0<α<1
and 0<δ<1. Hence, we have the following:

COROLLARY 1:  If [ρ/(1+ρ)]/[α/(1-α)(1-δ)+δ/(1-δ)]≤1, then the non-trivial steady state
of the competitive economy is dynamically efficient. If [ρ/(1+ρ)]/[α/(1-α)(1-δ)+δ/(1-δ)]
>1, then the non-trivial steady state of the competitive economy is dynamically inefficient.

Corollary 1 implies that dynamic inefficiency depends on the discount factor ρ and the
productivity of physical capital α as in exogenous growth OLG model with a log-linear
utility and C-D production functions (De la Croix and Michel 2002, 80). Moreover, it
also depends on the productivity of education δ. However, it does not depend on the
productivity and erosion effects of technological progress µ and η. This result is sensible,
because µ and η define the effect of production externalities on the model and thereby
they do not have a direct influence on intertemporal allocation.

Proposition 2 is consistent with Cass's (1972) condition for dynamic inefficiency, which
implies that a growth path is dynamically inefficient if the terms of trade from the present
to the future decrease sufficiently fast in time, i.e., ∑∞

t=0∏t
s=0 Rs/nγs < ∞.  However, Cass

defines dynamic inefficiency as productive inefficiency, which is always connected by
definition to the physical capital overaccumulation relative to some reference
allocation.19 In our model it is possible that allocations which satisfy Cass's condition for

                                                          
19 Cass (1972) defines path {Kt} to be dynamically inefficient if there exists another path {Kt'}, which in each period

provides at least as much consumption, and in some period more, i.e., if ∃ {Kt'} such that F(Kt',Ht)-Kt+1' ≥F(Kt,Ht)-
Kt+1 for all t, F(Kt',Ht)-Kt+1' >F(Kt,Ht)-Kt+1 for some t and Kt=Kt' for t≤t^  and Kt≠Kt' for t>t^.  Because
F(Kt,Ht)-Kt+1' < F(Kt,Ht)-Kt+1 for Kt+1' > Kt+1, it must be true that path {Kt} can be dynamically inefficient only
if  Kt≥Kt' for all t. It follows that inefficiency is always connected to physical capital overaccumulation relative to
some reference allocation (for example Golden Rule) and any allocation that is underaccumulated compared to the
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dynamic inefficiency can also have physical capital underaccumulation relative to some
reference allocation.20 Hence, even if Cass's condition for dynamic inefficiency is
consistent with Proposition 2, the argument for the condition is different from the
argument for Proposition 2.

To show that physical capital underaccumulation can be dynamically inefficient, let us
consider a limit case of the planner's second-best problem, where the planner treats all
generations equally, i.e., ω=1. This allocation satisfies in the steady state nγ=R, which is
the analogue of the Golden Rule allocation in our model. Hence, we denote this
allocation by kGR. The economy has a unique kGR>0,  because equation nγ(k)=R(k)
defines implicitly an exponential function for k by (12d) and (12f). From the uniqueness
of  kGR>0 it follows that R<nγ for k>kGR if R'(kGR)<nγ'(kGR) and R<nγ for k<kGR if
R'(kGR)>nγ'(kGR). Hence, dynamic inefficiency implies physical capital overaccumulation
relative to the Golden Rule if  kGRR'/R<nkGRγ'/nγ, i.e., (α+η)(1-δ)/(1-µ)<1. This case also
includes Cass's (1972) model without externalities, where R'(kGR)<0 and nγ'(kGR)=0. On
the other hand, dynamic inefficiency implies physical capital underaccumulation relative
to the Golden Rule if  kGRR'/R>nkGRγ'/nγ, i.e., (α+η)(1-δ)/(1-µ)>1. This discussion can be
summarized the following corollary:

COROLLARY 2:  If (α+η)(1-δ)/(1-µ)<1, then dynamically inefficient steady states
satisfy k>kGR. If  (α+η)(1-δ)/(1-µ)>1, then dynamically inefficient steady states satisfy
k<kGR.

Corollary 2 implies that dynamic inefficiency can be associated with physical capital
over- or underaccumulation relative to the Golden Rule. The result depends on the degree
of returns to scale in production functions g and f, i.e., on the strength of the productivity
and erosion effects of technological progress.

If g and f have decreasing returns to scale, then dynamic inefficiency implies
overaccumulation relative to the Golden Rule, because δ-µ>0 and α+η<1 ⇒ (α+η-1)(1-
δ)<δ-µ ⇒ (α+η)(1-δ)/(1-µ)<1. This result is sensible, because the same is true for the
exogenous growth OLG models without externalities (Cass 1972). If g has negative
returns to scale (δ-µ<0) or f has increasing returns to scale (α+η>1), then it is possible
that (α+η)(1-δ)/(1-µ)>1 ⇔ (α+η-1)(1-δ)>δ-µ. In this case dynamic inefficiency implies
underaccumulation relative to the Golden Rule.

The intuition for the result is the following. The Euler equation and the transversality
condition imply that a social planner can increase the welfare of the economy if the
productivity of physical capital is low such that the growth rate of output exceeds the rate

                                                                                                                                                                            
reference allocation is dynamically efficient by definition. Hence, to consider dynamic inefficiency in the case of
physical capital underaccumulation requires a different type of analysis. In particular, it requires that we can
compare a decrease of consumption in one period to an increase of consumption in another period, i.e., a social
welfare function.

20 Another example of a model where dynamic inefficiency is connected to physical capital underaccumulation relative
to some reference allocation is Gutierrez's (2003) production OLG model with negative pollution externalities.
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of return on physical capital. If production functions g and f have decreasing returns to
scale, then the rate of return on physical capital is decreasing and the growth rate of
output increasing in physical capital. This implies that the growth rate of output only
exceeds the rate of return on physical capital when physical capital is overaccumulated
relative to the Golden Rule. If f has increasing returns to scale, then the rate of return on
physical capital is increasing in physical capital. If g has negative returns to scale, then
the growth rate of output is decreasing in physical capital. In these cases, the growth rate
of output can also exceed the rate of return on physical capital when physical capital is
underaccumulated relative to the Golden Rule.

If we allow more general forms of utility and production functions than (3), (5) and (6),
then dynamic inefficiency may also depend on model properties other than the
productivity of physical capital, education and technological progress. Moreover,
the relationship between dynamic inefficiency and over- or underaccumulation does not
necessarily depend directly on the degrees of returns to scale in production functions g
and f. Furthermore, it is possible that the economy has multiple non-trivial stationary
solutions for the planner's utility maximization problem and the economy has multiple
kGR. In this case, it is unclear which one is social optimum and we cannot conduct the
efficiency analysis by comparing the equilibrium allocations to the social optimum.21

In the end we make some notes about the connection between static and dynamic
inefficiency. First, King and Ferguson (1993) show that endogenous growth OLG models
without externalities are always dynamically efficient. This result also holds in our
model. If the economy does not have externalities, i.e., δ=1 and µ=η=0, then the
competitive equilibrium is equal to the social optimum by (14), (21a) and (24a). Hence,
the existence of dynamic inefficiency in the endogenous growth models requires static
inefficiency even if the fundamental reason for dynamic inefficiency is the OLG structure
of the model. Second, Saint-Paul (1992) and Grossman and Yanagawa (1993) show that
if the source of growth is technological progress due to learning-by-doing externalities,
then the Pareto optimality of the competitive equilibrium depends only on static
inefficiency and the elimination of dynamic inefficiency decreases the overall welfare of
the economy. This type of situation is also possible in our model. To see this, let us
consider a special case of the model, where the final goods production function f has non-
decreasing returns to scale (α+η≥1) and human capital production function does not have
learning-by-doing externalities (µ=0). From market clearing (18a) it follows that
R*=(α+η)kα+η-1≥kα+η= f(k)/k=c1/k+c2/nk+nγ

 
>nγ, which implies that the balanced growth

equilibrium satisfies the planner's first-best problem for some social discount factor.
Hence, the Pareto optimality of the competitive equilibrium only depends on static
inefficiency and the elimination of dynamic inefficiency decreases the overall welfare of
the economy if static and dynamic inefficiency conflicts with each other. In Saint-Paul's
(1992) and Grossman and Yanagawa's (1993) model, we have α+η=1, δ=1 and µ=0,
which implies that static inefficiency causes underaccumulation of physical capital and
dynamic inefficiency causes overaccumulation of physical capital. Hence, static and

                                                          
21 For the analysis of the model with general forms of production functions and a constant elasticity of substitution

utility function, see Appendix 1.
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dynamic inefficiency conflicts with each other, which implies that the elimination of
dynamic inefficiency decreases the overall welfare of the economy. If the model has
intergenerational externalities (δ<1), the result may not hold, because intergenerational
externalities may cause physical capital overaccumulation. Moreover, if the final goods
production function f has decreasing returns to scale (α+η<1) or human capital
production function has learning-by-doing externalities (µ>0), then it is possible that R*
<nγ, which implies that the Pareto optimality of the competitive equilibrium also depends
on dynamic inefficiency as in Michel (1992), Kahn et al. (1997) and Marchand et al.
(2003).

3.  INTRINSICALLY USELESS ASSETS

In this chapter we consider the redistribution of resources from children to parents
through bubbles. We add to the model an intrinsically useless infinitely lived asset and
show that it can eliminate dynamic inefficiency due to OLG-structure of the model as in
Tirole (1985).

Intrinsically useless assets do not pay any dividends or rents, which implies that the
fundamental value of the intrinsically useless assets is zero.22 Examples of intrinsically
useless assets are fiat money and government Ponzi game debt. If an intrinsically useless
asset has a positive value, it is called a bubble. Because intrinsically useless assets are
owned by old agents and sold to the next generation, bubbles move resources from
children to parents. Hence, a necessary condition for bubbles is that the economy without
intrinsically useless assets is dynamically inefficient such that there is a case for
reallocation of resources from children to parents.

If the source of economic growth is endogenous technological progress, then bubbles
crowd out savings in physical capital and the growth rate of output depends positively on
physical capital (Grossman and Yanagawa 1993, Azariadis and Reichlin 1996). Hence,
bubbles cannot increase economic growth in these models. The same is true if the source
of economic growth is human capital accumulation alone (Michel 1992). If the source of
economic growth is human capital accumulation and technological progress together, the
situation is different. Bubbles can crowd out or crowd in savings in physical capital and
the balanced growth rate of output can depend positively or negatively on physical
capital, which implies that bubbles can increase or decrease  economic growth.

                                                          
22 The fundamental value of an asset is the present discounted value of its future dividends or rents. If assets pay

dividends or rents, they are intrinsically useful. Examples of intrinsically useful assets are land, natural resource or
stock market shares of firms. Usually intrinsically useful assets only have fundamental value. If dividends or rents
grow at a lower rate than the rest of the economy, intrinsically useful assets can also have non-fundamental value.
The same is true if the aggregate stock of assets grows in time and new assets are not a gift to the owners of the old
assets. In this case, the dividends or the rents of new assets cannot be discounted and valued before the actual
creation of assets, i.e., the dividends or the rents are non-capitalized. Examples of assets with non-capitalized
dividends are future inventions or stock market shares of firms in the industry with free entry. On the other hand,
examples of assets with capitalized dividends are land and stock market shares of firms in the industry with
blockaded entry. (Tirole 1985, Rhee 1991, Grossman and Yanagawa 1993, Femminis 1999)
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3.1  The model

The model is the same as in Chapter 2 except that the economy has intrinsically useless
assets, which can be used as a substitute for savings in physical capital. Because
intrinsically useless assets do not affect periodic budget constraints (1a) and (1b), the
households' utility maximization problem (7) and first-order conditions (8) hold.

The free disposability of assets implies that the value of intrinsically useless assets is non-
negative:

(25)   Bt ≥ 0

where Bt is the value of intrinsically useless assets, i.e., the bubble.

Non-arbitrage between savings in the intrinsically useless assets and physical capital
implies that:

(26)    RB
t+1≤ Rt+1  (=if  Bt > 0)

where Rb
t+1 is the gross rate of return on intrinsically useless assets.

Suppose that intrinsically useless assets are owned by old agents of generation t-1. They
sell intrinsically useless assets to the adults of generation t, who pay these assets Bt,
because they believe that they can sell them again in the next period to the adults of the
following generation and receive RB

t+1Bt. It follows that

(27)   Bt+1=RB
t+1Bt

Intrinsically useless assets in (25)-(27) can be interpreted as fiat money or government
Ponzi game debt. In the former case, let M>0 be the aggregate amount of money and pt
the price of money in terms of consumption goods at time t. It follows that we obtain
(25)-(27) by setting pt+1/pt≡RB

t+1 and ptM≡Bt. In the latter case, let At+1=RA
t+1At and At ≥

0 be the government budget constraint. It follows that we obtain (25)-(27) by setting
RA

t+1≡RB
t+1 and At≡Bt.23

By using (27) we can rewrite the non-arbitrage condition (26):

(28)    nbt+1/
 
bt

 ≤ Rt+1
 
 (=if  bt > 0)

where bt=Bt/Nt.

                                                          
23 An increase in the aggregate money supply M would decrease the effect of bubbles on the economy (Ferreira 1999,

Futagami and Shibata 2000). The same is true for permanent budget deficits. For details, see Chapter 5.
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Condition (28) determines when the economy has a bubble and when the non-negativity
constraint for bubbles is binding. If the economy sustains a bubble, condition (28) defines
a link between the rate of return on physical capital and the growth rate of the bubble.

Assets market clearing condition is

(29)   Ntst= Kt+1+Bt+Nt+1et

Perfect foresight implies that households of generation t foresee the future value of the
bubble bt+1 correctly. Hence, agents' beliefs on the bubble are non-stochastic and the
probability that the bubble will collapse is zero.24

The equilibrium of the economy is defined as:

DEFINITION 4: A competitive equilibrium of the economy with intrinsically useless
assets is a sequence {bt,c1t,c2t+1,et,ht,kt+1}∞t=0 such that
(i) c1t, c2t+1 and et-1 maximize utility (6) subject to budget constraint (2) and human
capital production function (5) under given factor prices and external effects
(ii) factors are paid their marginal products (4)
(iii) budget constraints (1) and market clearing conditions (11) and (29) are satisfied
(iv)  k0>0, h0>0
(v)kt=kt andht=ht
(vi) non-arbitrage condition (28) is satisfied

The definition of the competitive equilibrium of the economy with intrinsically useless
assets is similar to the definition of the competitive equilibrium of the economy without
intrinsically useless assets except that the economy has an additional state variable bt,
which satisfies non-arbitrage condition (28). Moreover, the economy satisfies asset
market clearing condition (29) instead of (10).

Equations (4),(5),(9),(11),(28) and (29) define the competitive equilibrium of the
economy with intrinsically useless assets:

(30a)   nγtkt+1+net+bt=[ρ/(1+ρ)](1-δ)wt

(30b)   c1t=[1/(1+ρ)](1-δ)wt

(30c)   nγt

 
bt+1/

 
bt

 ≤ Rt+1 (=if  bt > 0)

(30d)   kt
α+η=c1t+c2t/n+net+nγtkt+1

(30e)   et=[δ(1-α)/α]1/(1-δ) kt+1
(1-µ)/(1-δ)  ≡e(kt+1)

                                                          
24 A positive probability of  collapsing would decrease the effect of  bubbles on the economy (Weil 1987a, Bertocchi

and Wang 1993).
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(30f)   γt 

 
=[δ(1-α)/α]δ/(1-δ) kt+1

(δ-µ)/(1-δ) ≡γ(kt+1)

(30g)   wt=(1-α)kt
α+η ≡w(kt)

(30h)   Rt=αkt
α+η-1 ≡R(kt)

where bt=Bt/Ht is the bubble per effective unit of labor and (30e)-(30h) define et, γt, wt+1
and Rt+1 as functions of kt+1.

System (30) can have two types of equilibria. If bt > 0, they are called bubble equilibria,
and if bt =0, they are called bubbleless equilibria.

3.2  Steady states and transitional dynamics

In this section we consider the existence of non-trivial steady states and transitional
dynamics in the economy with intrinsically useless assets. Tirole (1985) shows that
exogenous growth OLG models with intrinsically useless assets have a unique globally
saddle-path stable bubble steady state if the economy without intrinsically useless assets
has a unique dynamically inefficient globally stable non-trivial steady state. We show
that this result also holds in our model if the effects of technological progress are weak. If
the productivity effect of technological progress is sufficiently strong, it can make the
bubble steady state globally unstable and cause oscillations around the steady state. A
similar result holds in the endogenous growth OLG models where the source of growth is
technological progress due to learning-by-doing externalities alone (Azariadis and
Reichlin 1996). However, the interpretation of the unstable steady state in Azariadis and
Reichlin's model is different from that in our model, because steady states do not sustain
perpetual growth in the model. If the erosion effect of technological progress is
sufficiently strong, it can also make the non-trivial steady state unstable and cause
oscillations.

Moreover, we show that bubbles can decrease or increase economic growth. This result is
different from those in models, where the source of growth is technological progress
(Grossman and Yanagawa 1993, Azariadis and Reichlin 1996) or human capital
accumulation alone (Michel 1992).

Substituting (30e-h) into (30a) and (30c) simplifies system (30) to the following planar
system:

(31a)   n[1+δ(1-α)/α]γ(kt+1)kt+1=[ρ/(1+ρ)](1-δ)w(kt)-bt

(31b)   nγ(kt+1)bt+1/
 
bt

 ≤ R(kt+1)  (=if  bt > 0)
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If bt =0, system (31) is equal to the scalar system (13) in the economy without
intrinsically useless assets. If bt > 0, equations (31a) and (31b) define the following
mappings in the forward dynamics:

(32a)   kt+1=Ω[(ρ/(1+ρ))(1-δ)w(kt)-bt
 ](1-δ)/(1-µ)≡ϕ1(kt, bt)

(32b)   bt+1=R[ϕ1(kt, bt)]
 
bt/γ[ϕ1(kt, bt)]≡ϕ2(kt, bt)

where Ω={n[δ(1-α)/α]δ/(1-δ)[1+δ(1-α)/α]}-(1-δ)/(1-µ) >0 by 0<δ<1, ρ>0 and 0<α<1.

From (32) it follows that

(33a)   ϕ1
1= [(α+η)(1-δ)/(1-µ)](kt+1/kt)[ρ/(1+ρ)](1-δ)wt/[(ρ/(1+ρ))(1-δ)wt-bt]

(33b)   ϕ1
2= -[(1-δ)/(1-µ)]kt+1/[(ρ/(1+ρ))(1-δ)wt-bt

 ]

(33c)   ϕ2
1=(R'kt+1/Rt+1-γ'kt/γt)(bt+1/kt+1)

 
ϕ1

1=[α+η-(1-µ)/(1-δ)](bt+1/kt+1)
 
ϕ1

1

(33d)   ϕ2
2=Rt+1/nγt+(R'kt+1/Rt+1-γ'kt+1/γt+1)(bt+1/kt+1)

 
ϕ1

2=

                    Rt+1/nγt+[α+η-(1-µ)/(1-δ)](bt+1/kt+1)
 
ϕ1

2

where ϕ1
1>0 and ϕ1

2<0 by 0<µ<1, 0<δ<1, ρ>0, 0<α<1 and η>0.

Let us denote a non-trivial steady state of the economy without intrinsically useless assets
by kD, i.e., φ(kD)=kD>0. By using (32) and (33) we can show:

PROPOSITION 3: (i) The economy with intrinsically useless assets has a trivial
bubbleless steady state k =0. Moreover, if (α+η)(1-δ)/(1-µ)≠1 and nγ(kD)>R(kD), then the
economy has a unique bubble steady state. If (α+η)(1-δ)/(1-µ) ≠1 and nγ(kD)≤R(kD), then
the economy has a unique non-trivial bubbleless steady state.
(ii) If (α+η)(1-δ)/(1-µ)<1, then the bubble steady state is globally saddle-path stable.
Moreover, the non-trivial bubbleless steady state is globally stable.
(iii) If (α+η)(1-δ)/(1-µ)>1, then the bubble steady state is globally saddle-path stable, or
it is  unstable and it can have oscillations around it. Moreover, the non-trivial bubbleless
steady state is globally unstable.

PROOF:  (i) System of difference equation (32) has a trivial solution b=k=0, because
(α+η)(1-δ)/(1-µ)>0. Moreover, it has a bubble steady state if  b=[ρ/(1+ρ)](1-δ)w(k)-
n[1+δ(1-α)/α]γ(k)k>0 and nγ(k)=R(k). The former equation is a function in the (k,b)
space, which satisfies b>0 if φ(k)>k, where φ(k)=ϕ1(k,0) by (14) and (32). The latter
equation is a vertical line in the (k,b) space. It follows that the economy has a bubble
steady state if nγ=R for some φ(k)>k. On the other hand, the economy has a unique
bubbleless steady state by Proposition 1 if nγ≤R for some φ(k)=k.
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If  φ'(kD)<1, i.e., (α+η)(1-δ)/(1-µ)<1, then φ(k)>k for k < kD and φ(k)<k for k > kD.
Moreover, equation (33c) implies that R'k/R(k)< nγ'k/nγ(k), i.e., curve nγ(k) crosses curve
R(k) from below and these curves have a unique strictly positive crossing point. Hence, if
nγ(kD)>R(kD), then there exists a unique k >0 such that nγ=R and φ(k)>k, but we cannot
find k >0 such that nγ≤R and φ(k)=k. If nγ(kD)≤R(kD), then there exists a unique k >0 such
that nγ≤R and φ(k)=k, but we cannot find k >0 such that nγ=R and φ(k)>k.

If φ'(kD)>1, i.e., (α+η)(1-δ)/(1-µ)>1, then φ(k)<k for k < kD and φ(k)>k for k > kD.
Moreover, equation (33c) implies that R'k/R(k)> nγ'k/nγ(k), i.e., curve nγ(k) crosses curve
R(k) from above and these curves have a unique strictly positive crossing point. Hence, if
nγ(kD)>R(kD), then there exists a unique k >0 such that nγ=R and φ(k)>k, but we cannot
find k >0 such that nγ≤R and φ(k)=k. If nγ(kD)≤R(kD), then there exists a unique k >0 such
that nγ≤R and φ(k)=k, but we cannot find k >0 such that nγ=R and φ(k)>k.

(ii-iii) Because bubble steady states and non-trivial bubbleless steady states cannot co-
exist by (i), the dynamics of the non-trivial bubbleless steady state is defined by
Proposition 1.

The local dynamics of the bubble steady state in system (32) is topologically equivalent
to the dynamics of the bubble steady state in linearized system by the Hartman-Grobman
theorem if Dϕ(k,b) is invertible and the bubble steady state is hyperbolic (Azariadis 1993,
59). To show that these conditions are satisfied when (α+η)(1-δ)/(1-µ)>0 and (α+η)(1-
δ)/(1-µ)≠1, let us consider the Jacobian matrix of partial derivatives of the system at the
bubble steady state

                         ϕ1
1                                                       ϕ1

2

J≡Dϕ(k,b)=
                        [α+η-(1-µ)/(1-δ)](b/k)

 
ϕ1

1    1+[α+η-(1-µ)/(1-δ)](b/k)
 
ϕ1

2

From (33) it follows that detJ=λ1λ2=ϕ1
1>0 and trJ=λ1+λ2=1+ϕ1

1+[α+η-(1-µ)/(1-δ)](b/k)
ϕ1

2, where λ1 and λ2 are eigenvalues of  J. Moreover, 1-trJ+detJ=-[α+η-(1-µ)/(1-δ)](b/k)
ϕ1

2 and 1+trJ+detJ=2(1+ϕ1
1)+[α+η-(1-µ)/(1-δ)](b/k)

 
ϕ1

2. Because detJ>0,  J is invertible.
Moreover, if (α+η)(1-δ)/(1-µ)<1, then 1-trJ+detJ<0, and if (α+η)(1-δ)/(1-µ)> 1, then
detJ=ϕ1

1>φ'>1 by (15) and (33a). It follows that if (α+η)(1-δ)/(1-µ)≠1, then eigenvalues
of J do not have modulus 1 and the bubble steady state is hyperbolic. Hence, as long as
(α+η)(1-δ)/(1-µ)≠1, the Hartman-Grobman theorem applies.

The dynamics of the linearized system can be analyzed by studying the properties of the
eigenvalues of J (Azariadis 1993,62). If (α+η)(1-δ)/(1-µ)<1, then 1-trJ+ detJ<0 and
1+trJ+detJ>0. It follows that the bubble steady state is locally a saddle.
If (α+η)(1-δ)/(1-µ)>1, then 1-trJ+detJ>0 and detJ>1. However, the sign of 1+trJ+detJ is
ambiguous. If 1+trJ+detJ<0, then the bubble steady state is locally a saddle. If 1+trJ+
detJ>0 for k>0 and b>0, then the bubble steady state is locally an unstable node or spiral.
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The global dynamics of the bubble steady state in system (32) is topologically equivalent
to the local dynamics of the steady state if mapping φ does not have other stable invariant
sets with bubbles in addition to the bubble steady state. This is true by the Stable
Manifold theorem if ϕ(kt, bt) is diffeomorphism and the bubble steady state is hyperbolic
(Galor 1992). Because ϕ1

1(kt, bt)>0, it must be true that det Dϕ(kt,bt)=ϕ1
1Rt+1/ nγt >0,

which implies ϕ is a diffeomorphism. Hence, as long as (α+η)(1-δ)/(1-µ)≠1, the Stable
Manifold Theorem applies. Q.E.D.

Proposition 3 is similar to Proposition 1 in the economy without intrinsically useless
assets except that the non-trivial steady state is a bubble equilibrium if the economy
without intrinsically useless assets has a dynamically inefficient non-trivial steady state.
Hence, the reason for bubbles is dynamic inefficiency as in Tirole (1985). The stability of
the bubble steady state depends on the degrees of returns to scale in production functions
g and f as in the model without intrinsically useless assets, i.e., on the strength of the
productivity and erosion effects of technological progress.

If g and f have decreasing returns to scale, then the bubble steady state is saddle-path
stable, because δ-µ>0 and α+η<1 ⇒ (α+η-1)(1-δ)<δ-µ ⇒ (α+η)(1-δ)/(1-µ)<1. This
result is sensible, because the same is true for the exogenous growth OLG models with a
log-linear utility function and C-D production functions (Tirole 1985).

If f has increasing returns to scale (α+η>1), then it is possible that (α+η-1)(1-δ)>δ-µ ⇒
(α+η)(1-δ)/(1-µ)>1. In this case, the bubble steady state is unstable and can have
oscillations around it. A similar result holds for the endogenous growth OLG models,
where the source of growth is technological progress due to learning-by-doing
externalities alone (Azariadis and Reichlin 1996). The interpretation of the unstable
steady state in Azariadis and Reichlin's model is different from that in our model, because
the model does not sustain perpetual growth in the steady state.

If g has negative returns to scale (δ-µ<0), then it is also possible that (α+η-1)(1-δ)>δ-µ
⇒ (α+η)(1-δ)/(1-µ)>1. Hence, the erosion effect of technological progress is an
additional reason for the unstability of the non-trivial steady state and oscillations.

It follows that dynamic properties of the model are almost analogous to the model
without intrinsically useless assets in Chapter 2. The only difference is that in the model
with intrinsically useless assets, technological progress can also cause explosive
oscillations. There are two reasons for this similarity. First, the second state variable is a
forward-looking variable without any initial condition, which implies that a saddle is a
stable steady state in the planar system. Second, the economy has C-D production
functions and a log-linear utility function, which eliminates local indeterminacy and
complex dynamics from the model.25

                                                          
25 In general, the dynamics of planar systems can be much more complicated than the dynamics of scalar systems. For

details, see for example Azariadis (1993).
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The global dynamics of the system (32) can be also analyzed qualitatively by the phase-
diagrams in the (kt,bt) space. For this purpose, let us consider time paths, which satisfy
kt+1≥ kt and bt+1≥ bt. Equations (32) imply that

(34a)   ϕ1(kt, bt) ≥ kt  if  kt+1≥ kt

(34b)   ϕ2(kt, bt) ≤ bt  if  bt+1≥ bt

From (34a) it follows that bt=[ρ/(1+ρ)](1-δ)(1-α)kt
δ+η-n(1+δ(1-α)/α)[δ(1-α)/α]δ/(1-δ) kt

(1-µ)/

(1-δ) when kt+1=kt by (31a). Hence, locus kt+1=kt is an humped-shaped [(α+η)(1-δ)/(1-µ)<1]
or j-shaped curve [(α+η)(1-δ)/(1-µ)>1] in the (kt,bt) space, which starts from the trivial
steady state (0,0) and crosses the horizontal axis at the non-trivial bubbleless steady state
ϕ1(kt,0)=φ(kt)=kt. Moreover, kt is increasing below and decreasing above the locus kt+1=kt,
because ϕ1

2<0.

From (34b) it follows that  ∂bt/∂kt= ϕ2
1/(1-ϕ2

2) = -ϕ1
1/ϕ1

2=(α+η)(ρ/(1+ρ))(1-δ)wt/kt
>0 when bt+1=bt. Hence, locus bt+1=bt is an increasing curve in the (kt,bt) space, which
crosses the horizontal axis at nγ[φ(kt)]=R[φ(kt)]. This point is lower (higher) than the non-
trivial bubbleless steady state φ(kt)=kt if (α+η)(1-δ)/(1-µ)<1 [(α+η)(1-δ)/(1-µ)>1],
because nγ[φ(kt)]>R[φ(kt)] at φ(kt)=kt. Hence locus bt+1=bt  crosses the horizontal axis at a
lower (higher) point than locus kt+1=kt if (α+η)(1-δ)/(1-µ)<1 [(α+η)(1-δ)/(1-µ)>1].
Moreover, bt is decreasing (increasing) below and increasing (decreasing) above the
locus bt+1=bt if  (α+η)(1-δ)/(1-µ)<1 [(α+η)(1-δ)/(1-µ)>1], because ϕ2

1 =(bt+1/kt+1)(α+η)
[(α+η)(1-δ)/(1-µ)-1](kt+1/kt)(ρ/(1+ρ))(1-δ)wt/[(ρ/(1+ρ))(1-δ)wt-bt

 ].

It follows that the global dynamics of the bubble steady state can be demonstrated by the
following phase-diagrams:

bt                                                                  bt+1=bt

                                                                          kt
                                                                kt+1=kt
                                     (a)
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bt                                                            bt+1=bt

                                                                      kt+1=kt

                                   

                                                                          kt
                                     (b)

FIGURE 2 Global dynamics of the bubble steady state when (a) (α+η)(1-δ)/(1-µ)<1 (b)
(α+η)(1-δ)/(1-µ)>1

When (α+η)(1-δ)/(1-µ)>1, the qualitative dynamics implies that the bubble steady state is
an unstable spiral or node and it eliminates the possibility that the bubble steady state is a
saddle. This additional information is due to the fact that the crossing point of the
horizontal axis and locus bt+1=bt is lower (higher) than the crossing point of the horizontal
axis and locus kt+1=kt when (α+η)(1-δ)/(1-µ)<1 [(α+η)(1-δ)/(1-µ)>1].

Let us next consider the growth effects of bubbles. By using Proposition 3 we can show:

PROPOSITION 4:  If (α+η-1)(1-δ)<δ-µ<0 or 0<δ-µ<(α+η-1)(1-δ), then bubbles
increase the growth rate of the economy. Otherwise bubbles decrease the growth rate of
the economy.

PROOF: Bubbles increase γ if γ'<0 and the bubble steady state is lower than the non-
trivial bubbleless steady state or if γ'>0 and the bubble steady state is higher than the non-
trivial bubbleless steady state.

From Proposition 3 it follows that the economy has a unique bubble steady state if the
non-trivial bubbleless steady state satisfies R<nγ. Because in the bubble steady state
R=nγ, bubbles increase growth if and only if R'<nγ'<0 or R'>nγ'>0 in the bubble steady
state, i.e., if and only if  kR'/R<kγ'/γ< 0 or kR'/R>kγ'/γ>0. These conditions imply that
α+η-1<(δ-µ)/(1-δ)<0 ⇔ (α+η-1)(1-δ)<δ-µ<0 or α+η-1>(δ-µ)/(1-δ)>0 ⇔ 0<δ-µ< (α+η-
1)(1-δ) by (30f) and (30h). Q.E.D.

Proposition 4 implies that the growth effect of bubbles depends on the degree of returns
to scale in production functions g and f, i.e., on the strength of the productivity and
erosion effects of technological progress. If g and f have decreasing returns to scale, then
bubbles decrease growth, because δ-µ>0 and α+η<1 ⇒ (α+η-1)(1-δ)<δ-µ>0. This result
is sensible, because the same is true for the exogenous growth OLG models (Tirole
1985). If g has negative returns to scale (δ-µ<0) or f has increasing returns to scale
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(α+η>1), then it is possible that (α+η-1)(1-δ)<δ-µ<0 or 0<δ-µ<(α+η-1)(1-δ), which
implies that bubbles increase growth. In the former case, the bubble steady state is a
saddle-path stable. In the latter case, the bubble steady state is an unstable spiral or node.
Hence, the positive growth effect of bubbles can be connected to stable or unstable
transitional dynamics.

The intuition for the result is the following. The effect of bubbles on the economy is that
they eliminate dynamically inefficient steady states, i.e., steady states where the growth
rate of output exceeds the rate of return on physical capital. If production functions g and
f have decreasing returns to scale, then the rate of return on physical capital is decreasing
and the growth rate of output increasing in physical capital. This implies that bubbles
crowd out physical capital and decrease growth.  If f has increasing returns to scale, then
the rate of return on physical capital is increasing in physical capital. This implies that
bubbles can crowd in physical capital and increase economic growth if the growth rate of
output is sufficiently increasing in physical capital. If g has negative returns to scale, then
the growth rate of output is decreasing in physical capital. This implies that bubbles can
crowd out physical capital and increase growth if the rate of return on physical capital is
sufficiently decreasing in physical capital.

If we allow more general forms of production functions than (3) and (5), then the growth
effect of bubbles is not necessarily defined directly by the degree of returns to scale in
production functions g and f. In particular, it is possible that technological progress and
education investments are complements as in Galor and Weil (2000) and Galor and Moav
(2000), which implies that technological progress raises the return on education
investments. If this indirect effect of technological progress is sufficiently high, then
negative returns to scale in g do not necessarily imply γ'<0. Moreover, it is possible that
mapping γ is a non-monotone function and/or the model has multiple bubble steady
states, which makes the growth effect of bubbles ambiguous.26

The effect of bubbles is different from those in models, where the source of economic
growth is endogenous technological progress or human capital accumulation alone. The
reason for the different result is the following. If the source of economic growth is
endogenous technological progress and the perpetual growth equilibrium is a BGE, then
the rate of return on physical capital is constant and the balanced growth rate of output is
increasing in physical capital (Grossman and Yanagawa 1993). If the source of economic
growth is human capital accumulation, then the rate of return on physical capital is
decreasing and the growth rate of output is increasing in physical capital (Azariadis and
Drazen 1990, Michel 1992). Hence, dynamically inefficient steady states cannot have a
lower growth rate of output than bubble equilibria in these models, which implies that
bubbles cannot increase economic growth. If the source of economic growth is
endogenous technological progress and the perpetual growth equilibrium is a non-BGE,
then the rate of return on physical capital can be increasing in physical capital. However,
because perpetual growth equilibria are unstable equilibrium trajectories, they are
eliminated by bubble steady states (Azariadis and Reichlin 1996). If the source of

                                                          
26 For the analysis of the model with general forms of production functions, see Appendix 1.
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economic growth is human capital accumulation and technological progress together,
then the rate of return on physical capital can be increasing or the balanced growth rate of
output decreasing in physical capital, which implies that bubbles can also increase
economic growth.

Government debt, fiat money and pay-as-you-go social security are examples of
government policies, which work in the economy in a similar way to bubbles, i.e.,
transfering resources from children to parents. The literature on government budget
policy offers examples, where debt, money or pay-as-you-go social security can increase
economic growth. However, the reason for the positive growth effect of government
policy in these models differs from the reason for the positive growth effect of bubbles in
our model. A positive effect of government debt on economic growth is derived by
Zhang (1997), Forslid (1998), Lin (2000) and Zhang (2003). Forslid (1998) and Lin
(2000) show that government debt can increase economic growth if debt is used to
finance income transfers or productive expenditures. Zhang (1997) and Zhang (2003)
show that government debt can increase economic growth by reducing fertility. A
positive effect of fiat money on economic growth is derived by Ferreira (1999) and
Futagami and Shibata (2000). They show that the growth rate of the economy depends
positively on the supply rate of money. A positive effect of pay-as-you-go social security
on economic growth is derived by Zhang (1995,2001), Sinn (1998), Kemnitz and Wigger
(2000) and Sanchez-Losada (2000). They show that pay-as-you-go social security can
increase economic growth by reducing fertility, by eliminating the moral hazard problem
between children and parents or by eliminating inefficiency due to intergenerational
externalities or joy-of-giving altruism. Hence, none of these results is based on the
elimination of dynamic inefficiency.

4.  TWO-SIDED ALTRUISM

In this chapter we consider the redistribution of resources from children to parents
through altruistic intergenerational transfers. We add to the model two-sided symmetric
altruism and assume that agents take the actions of other generations as given. We show
that gifts from children to parents can eliminate some part of the dynamic inefficiency
due to OLG-structure of the model as in Kimball (1987).

OLG models with altruism (OLGA models) are different from OLG models without
altruism, because generations are linked to each other by altruistic intergenerational
transfers. Two-sided altruism implies that the model can have transfers from parents to
children (bequests, altruistic education investments) as well as from children to parents
(gifts). The advantage of the two-sided altruism is that we analyse bequest and gift
motives in the same model instead of two different models with one-sided altruism.
Symmetric two-sided altruism means that bequest, gift and altruistic education motives
are treated similarly in the utility maximization. Altruism can be also asymmetric, which
would change some implications of the model. There is, however, no a priori reason why
bequest and altruistic education motives should be treated differently from the gift motive
besides mathematical problems in solving the double recursion (Kimball 1987).
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Usually in the OLGA models, it is assumed that households take the actions of other
generations as given (Abel 1987). O'Connel and Zeldes (1992) consider a possibility that
agents take into account the actions of other generations. They show that this type of
strategic interaction does not affect the bequest motive, but it can increase the gift motive,
which would change some implications of the model. However, O'Connel and Zeldes
ignore the effect of the non-negativity constraint for gifts on the agents' strategic
behavior. If we add the non-negativity constraint to the agents' reaction functions, the
effect of the strategic interactions on the gift motive is eliminated in many cases
(Lagerlöf 1997).

Barro (1974) and Carmichael (1982) investigate an exogenous growth OLG model with
one-sided altruism and show that as long as intergenerational transfers are positive, i.e.,
intergenerational transfer motive is operative, government debt is neutral. Moreover,
Carmichael (1982) shows that a competitive equilibrium of the economy with an
operative bequest motive is dynamically efficient and a competitive equilibrium of the
economy with an operative gift motive is dynamically inefficient. Government debt does
not eliminate gifts or dynamic inefficiency in the Carmichael's model, because lump sum
transfers make government debt a perfect substitute for intergenerational transfers.

Because the debt neutrality result depends on an operative intergenerational transfer
motive, it is important to determine when the altruistic transfer motives are operative.
Weil (1987b) derives explicit conditions under which the bequest motive is operative. He
shows that the bequest motive is inoperative in the exogenous growth OLG model with
one-sided altruism if the agents' altruism is low, i.e., the intergenerational discount rates
are small. Weil's result is extended to the two-sided asymmetric altruism by Abel (1987)
and to the two-sided symmetric altruism by Kimball (1987). They show that gift and
bequest motives form upper and lower bounds for inoperative transfer motive equilibria.
Moreover, Kimball (1987) shows that gift and bequest motives cannot be operative in the
same equilibrium if altruism is symmetric. General conditions for the existence and co-
existence of operative and inoperative transfer motive equilibria in the exogenous growth
OLG model with one-sided altruism are derived by Thibault (2000).

We show that similar results can be obtained for the endogenous growth OLG model with
two-sided symmetric altruism, where agents take the actions of other generations as
given. In particular, we show that a necessary condition for an operative gift motive is
that the economy without altruism is dynamically inefficient such that there is a case for
reallocation of resources from children to parents. On the other hand, a necessary
condition for an operative bequest or altruistic education motive is that the economy
without altruism is dynamically efficient such that there is a case for reallocation of
resources from parents to children. Moreover, we show that altruistic education
investments are a perfect substitute for bequests if the young agents do not face a
borrowing constraint, while gifts are an imperfect substitute for bubbles and bubbles
eliminate gifts.
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4.1 The model

The model is the same as in Chapters 2 and 3 except that agents are altruistic. It follows
that periodic budget constraints (1a) and (1b) are replaced by the following constraints

(35a)   c1t+st+Rte0t-1+ne1t+jt= htwt+qt

(35b)   c2t+1+nqt+1=Rt+1st +njt+1

(35c)    jt ≥0

(35d)    qt+1 ≥0

where qt is the bequest given by generation t-1 to generation t, jt is the gift given by
generation t to generation t-1, e0t-1 is the investment in own education and e1t is the
investment in children’s education.

Non-negativity constraints (35c) and (35d) prevent negative bequests and gifts. These
constraints play a crucial role in the analysis of altruistic intergenerational transfers.
However, they are well-founded, because legal restrictions usually forbid parents to take
away resources from their children and vice versa.

Periodic budget constraints (1a) and (1b) can be combined into a single lifetime budget
constraint:

(35e)    c1t+Rte0t-1+ne1t+jt+(c2t+1+nqt+1)/Rt+1= htwt+qt+njt+1/Rt+1

Households of generation t have the following utility function

(36)    Vt=U(c1t,c2+1)+ΨVt-1+ΒVt+1   Ψ>0, Β>0, Ψ+Β<1

where Ψ and Β are the weights on ancestors' and descendants' utility.

Constraints Ψ>0 and Β>0 imply that altruism cannot cause disutility. When  Ψ=Β=0, the
economy simplifies to the OLG model without altruism. Constraint Ψ+Β<1 implies that
the sum of households' weights on the ancestors' and descendants' utility must be lower
than the weight on own utility, which is needed for the finiteness of Vt.27

Kimball (1987) has shown that utility function (36) can be represented by the following
utility function

(37)   Vt=U(c1t,c2t+1)+Σ ∞
i=1ψi[U(c1t-i,c2t+1-i)]+Σ ∞

i=1βi[U(c1t+i,c2t+1+i)]      0<ψ<1, 0<β<1

                                                          
27 In the steady state it must be true that U=(1-Ψ-Β)V, which can be true for positive U and V only if Ψ+Β<1.
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where ψ and β are the intergenerational degrees of altruism and constraints 0<ψ<1 and
0<β<1 are needed for the finiteness of Vt.28

Equation (37) implies that two-sided altruism is symmetric. This property has some
important implications for the model. In particular, it sets restrictions on the degrees of
altruism and thereby it affects the operative transfer motive equilibria. An alternative
formulation of two-sided altruism is the Buiter-Carmichael-Burbidge utility function
Vt=U(c1t,c2t+1)+ψ[U(c1t-i,c2t+1-i)]+Σ ∞

i=1βi[U(c1t+i,c2t+1+i)], where the altruism is
asymmetric. Both utility functions lead to the same first-order conditions, but in the
Buiter-Carmichael-Burbidge utility function we do not face restriction ψ<1 due to the
finiteness of Vt (Abel 1987).

Perfect foresight implies that households of generation t must foresee future prices wt+i,
Rt+i  and Rt+1+i  for all i≥0. Hence, the assumption of perfect foresight is stronger than in
the model without altruism. Moreover, households also form expectations about the
actions of their parents and children. We assume that households take the actions of other
generations as given as in Abel (1987). A competitive equilibrium of the economy with
altruism where households take the actions of other generations as given corresponds to a
Nash equilibrium. An alternative to the Nash approach is the Stackelberg approach,
where households take into account the actions of other generations (O’Connell and
Zeldes 1993). These approaches tend to imply similar results in the case of bequest
motive, but they can lead to a different result in the case of gift motive. In particular, if
households behave as Stackelberg leaders, they realize that children respond to higher
savings by reducing gifts. In the steady state this causes a similar effect on the economy
as an increase of the degree of altruism ψ. Whether this effect is strong enough to
overcome the effects of restriction ψ<1 depends on the form of the utility function and
the definition of the game.

Households choose the optimal amounts of consumption, education investments and
intergenerational transfers to maximize utility function (37) subject to budget constraints
(35c-e) and human capital production function (5). We can ignore the inequality
constraints (35c) and (35d) from the maximization problem by studying the Kuhn-Tucker
conditions. Substituting (35e) and (5) into the utility function (37) simplifies the
households' t utility maximization problem to the following unconstrained problem:

(38)     max  u(c1t)+ρu[Rt+1(G(
_
ht-1,et-1,

_
kt)wt+qt-c1t-Rte0t-1-ne1t-jt)+njt+1-nqt+1]+

            c1t,e0t-1,e1t,qt+1,jt

Σ ∞
i=1ψi{u(c1t-i)+ρu[Rt+1-i(G(

_
ht-1-i,et-1-i ,

_
kt-i) wt-i+qt-i-c1t-i-Rt-ie0t-1-i-ne1t-i-jt-i)+njt+1-i-nqt+1-i]}+

                                                          
28 The original result was discovered by Kimball (1987). Our presentation follows Bergstrom (1999). He shows that

utility function (36) can be represented in the form of utility function (37), where ψ= [1-(1-4ΨΒ)1/2 ]/2Β and β=[1-
(1-4ΨΒ)1/2 ]/2Ψ. From  Ψ>0, Β>0 and Ψ+Β<1 it follows that ΨΒ<Β(1-Β) ⇒ (1-2Β)2=1-4Β(1-Β)<1-4ΨΒ ⇒ 1-2Β<
(1-4ΨΒ)1/2⇒ ψ= [1-(1-4ΨΒ)1/2 ]/2Β<1⇒ 0<ψ<1 and ΨΒ<Ψ(1-Ψ) ⇒ (1-2Ψ)2=1-4Ψ(1-Ψ)<1-4ΨΒ ⇒ 1-2Ψ< (1-
4ΨΒ)1/2 ⇒ β= [1-(1-4ΨΒ)1/2 ]/2Ψ<1 ⇒ 0<β<1.
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Σ ∞
i=1βi{u(c1t+i)+ρu[Rt+1+i(G(

_
ht-1+i,et-1+i,

_
kt+i)wt+i+qt+i-c1t+i-Rt+ie0t-1+i-ne1t+i-jt+i)+

             njt+1+i-nqt+1+i]}

where et=e0t+e1t.

The first-order conditions are:

(39a)   u'(c1t)=Rt+1ρu'(c2t+1)

(39b)   Rt ≥ G2(
_
ht-1,et-1,

_
kt)wt   (=if e0t-1 > 0)

(39c)   nRt+1u'(c2t+1) ≥ βG2(
_
ht,et,

_
kt+1)wt+1Rt+2u'(c2t+2)  (=if  e1t > 0)

(39d)   nu'(c2t+1) ≥ βRt+2u'(c2t+2)   (=if  qt+1 > 0)

(39e)   Rt+1u'(c2t+1) ≥ ψnu'(c2t)   (=if  jt > 0)

where c1t,c2t+1,et > 0 by Inada-conditions and (39a) is an equality by the Kuhn-Tucker
conditions.29

The transversality conditions are:

(39f)  lim t→∞ βt u'(c1t)qt=0

(39g)  lim t→∞ βt u'(c1t)e1t=0

(39h)  lim t→-∞ (1/ψ)tu'(c1t)jt=0

Conditions (39) are sufficient for the maximum, because objective function (38) is
strictly concave in c1t,e0t-1,e1t,qt+1and jt by (5) and (6). Because transversality conditions
(39f-h) are satisfied in the balanced growth equilibrium by a log-linear utility function
and 0<ψ<1 and 0<β<1, they do not play any role in the analysis of the model and we can
ignore them.30

Conditions (39) implies

(40a)   Rt+1≥G2(
_
ht,et,

_
kt+1)wt+1   (=if  e0t > 0)

                                                          
29 Kuhn-Tucker conditions imply {∂u/∂x ≤ 0, (∂u/∂x)x=0 and x ≥ 0 } ⇔  ∂u/∂x ≤ 0 (= if x > 0) ⇒  ∂u/∂x = 0 if x > 0.
30 Transversality conditions ensure that the objective function is finite for all feasible allocations. For details, see De La

Croix and Michel 2002, 245). With a log-linear utility function transversality conditions imply that lim t→∞
βtu'(c1t)qt=  lim t→∞ βt qt/c1t=0,  lim t→∞ βt u'(c1t)e1t=lim t→∞ βt e1t/c1t=0 and lim t→-∞ (1/ψ)tu'(c1t)jt= lim t→-∞ (1/ψ)t

jt/c1t=0. These conditions are always satisfied in the steady state by 0<β<1 and 0<ψ<1.
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(40b)   nu'(c1t)/u'(c1t+1) ≥ βG2(
_
ht,et,

_
kt+1)wt+1     (=if  e1t > 0)

(40c)   nu'(c1t)/u'(c1t+1) ≥ βRt+1  (=if qt+1>0)

(40d)   nu'(c1t)/u'(c1t+1) ≤ (1/ψ)Rt+1    (=if  jt+1 > 0)

where (40a) is obtained by writing (39b) for t+1, (40b) and (40c) by substituting (39a)
into (39c) and (39d), and (40d) by writing (39e) for t+1 and substituting (39a) into it.

Because et=e0t+e1t >0, conditions (40a-c) can be satisfied only if (40a) is an equality.
Moreover, if (40a) is an equality, then conditions (40b) and (40c) are equal. Hence, we
can rewrite conditions (40) in the following form:

(41a)   Rt+1=G2(
_
ht,et,

_
kt+1)wt+1

(41b)   ψnu'(c1t)/u'(c1t+1) ≤ Rt+1 ≤ nu'(c1t)/βu'(c1t+1)    (=if  jt+1 > 0, =if qt+1+e1t > 0)

Equation (41a) is equal to the households' first-order condition (8b) in the model without
altruism. Condition (41b) determines when altruistic transfers jt+1and qt+1+e1t are positive
and when the non-negativity constraints for altruistic transfers are binding. If altruistic
transfers are positive, condition (41b) is equal to the Euler equation. Moreover, condition
(41b) implies that altruistic education investments and bequests are equivalent ways to
transfer resources across generations, i.e., altruistic education investments are a perfect
substitute for bequests.

If young agents do not have access to capital markets, then e0t=0 and all education
investments are financed by parents. OLGA models, where young agents face a
borrowing constraint and cannot borrow against their future income, are studied by
Drazen (1978), Caballe (1995) and Rangazas (1996) among others.31 In these models,
education investments depend on altruism, but altruistic education investments are not a
perfect substitute for bequests. In particular, if e0t=0, then e1t > 0 by Inada conditions and
equation (41a) only holds  when qt+1>0. If jt+1>0, then equation (41a) is replaced by
Rt+1=βψG2wt+1, which implies that Rt+1<G2wt+1. If bt>0, then equation (41a) is replaced
by Rt+1=βG2wt+1, which implies that Rt+1<G2wt+1. If qt+1=jt+1= bt=0, then it must be true
that Rt+1<G2wt+1. Hence, if qt+1=0, then a borrowing constraint causes underinvestments
in education and overinvestments in physical capital compared to the model without a
borrowing constraint. If qt+1>0, then the economy with a borrowing constraint is equal to
the economy without a borrowing constraint,  i.e., an operative bequest motive (or a
reallocation of resources from parents to children) eliminates the effect of the borrowing
constraint to the economy .32

                                                          
31 Boldrin and Montes (2002) study the effects of the borrowing constraint in the model without altruism.
32 Besides the fact that the borrowing constraint causes underinvestments in education, it changes some implications of

the model. In particular, if the economy has the borrowing constraint and qt+1=jt+1= bt=0, then the balanced growth
rate of output is defined by (40b) instead of  (41a). This implies that net=βδwt and  γt=[βδ(1-α)/n]δkt

δ(α+η) kt+1
µ.
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By using the explicit forms of the production and utility functions, we can solve savings
and consumption from (39a) as a linear function of the adults' and old agents' incomes,
and education investments from (41a) as a linear function of discounted wage income.
Substituting (35a),(35b) and (6) into (39a) and (5) into (41a) implies:

(42a)   st=[ρ/(1+ρ)][(1-δ)htwt+qt+Rte1t-1-ne1t-jt]-[1/(1+ρ)]n(jt+1-qt+1)/Rt+1

(42b)   c1t=[1/(1+ρ)][(1-δ)htwt+qt+Rte1t-1-ne1t-jt+n(jt+1-qt+1)/Rt+1]

(42c)   et-1=δhtwt/Rt

Equations (42a) and (42b) are the counterparts of the savings and consumption functions
(9a) and (9b) in the economy without altruism. They are not ordinary decision functions
like (9a) and (9b), because endogenous variables e0t-1, e1t, jt and qt+1 are not eliminated
from them.33 Equation (42c) defines education function, which is equal to the education
function in the economy without altruism (9c).

Asset and goods market clearing conditions are:

(43a)    Ntst= Kt+1+Bt+Nt+1e0t

(43b)    F(Kt,Ht,
_
kt)=Ntc1t+Nt-1c2t+Nt+1et+Kt+1   

The equilibrium of the economy is defined as:

DEFINITION 5: A competitive equilibrium of the economy with altruism and
intrinsically useless assets is a sequence {bt,c1t,c2t+1,e0t,e1t,jt,ht,kt+1,qt+1}∞t=0 such that
(i) c1t, c2t+1, e0t-1,e1t, jt  and qt+1 maximize utility (37) subject to budget constraints (35c-e)
and human capital production function (5) under given factor and asset prices and
external effects
(ii) factors are paid their marginal products (4)   
(iii) budget constraints (35) and market clearing conditions (43) are satisfied  
(iv)  k0>0, h0>0, q0≥0, j0≥0
(v)kt=kt andht=ht
(vi) non-arbitrage condition (29) is satisfied

The definition of the competitive equilibrium of the economy with altruism and
intrinsically useless assets is similar to the definition of the competitive equilibrium of
the economy without altruism and intrinsically useless assets except that the economy has

                                                                                                                                                                            
Hence, if qt+1=jt+1= bt=0, then the borrowing constraint breaks the link between the returns to scale in human
capital production (δ+µ) and the sign of ∂γ/∂k implied by (41a).

33 Ordinary decision functions for jt and qt+1 would be quite complicated and they are not usually solved explicitly in
the OLGA models. See for example Abel (1987) and Thibault (2000).
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four additional decision variables bt, e1t, jt and qt+1, which satisfy initial conditions q0≥0
and j0≥0 and non-arbitrage condition (28). Moreover, the economy satisfies budget
constraints (35) and market clearing conditions (43) instead of budget constraints (1) and
market clearing conditions (10) and (11).

Equations (4), (5), (29), (42) and (43) define the competitive equilibrium of the economy
with altruism and intrinsically useless assets:

(44a)   nγtkt+1+net+bt=[ρ/(1+ρ)][(1-δ)wt+qt+Rte1t-1/γt-1-jt]-[1/(1+ρ)][nγt(jt+1-qt+1)/Rt+1-ne1t]

(44b)   c1t=[1/(1+ρ)][(1-δ)wt+qt+Rte1t-1/γt-1-ne1t-jt+nγt(jt+1-qt+1)/Rt+1]

(44c)    ψnγtc1t+1/c1t
 ≤ Rt+1 ≤ (1/β)nγtc1t+1/c1t  (=if  jt+1 > 0, =if qt+1+e1t > 0)

(44d)    nγt

 
bt+1/

 
bt

 ≤ Rt+1  (=if  bt > 0)

(44e)    kt
α+η=c1t+c2t/n+net+nγtkt+1    

(44f)    et=[δ(1-α)/α]1/(1-δ) kt+1
(1-µ)/(1-δ)  ≡e(kt+1)

(44g)   γt 

 
=[δ(1-α)/α]δ/(1-δ) kt+1

(δ-µ)/(1-δ) ≡γ(kt+1)

(44h)   wt=(1-α)kt
α+η ≡w(kt)

(44i)    Rt=αkt
α+η-1 ≡R(kt)

where jt=jt/ht is the gift per effective unit of labor,  qt=qt/ht is the bequest per effective
unit of labor and (44f-i) define et, γt, wt+1 and Rt+1 as a function of kt+1.

System (44) can have four types of equilibria. If  jt+1>0 or qt+1+e1t > 0, they are called
operative transfer motive equilibria, and if  jt+1=0,  qt+1+ e1t =0, they are called inoperative
transfer motive equilibria. If  bt >0, they called bubble equilibria, and if bt =0, they are
called bubbleless equilibria.

4.2  Steady states and transitional dynamics without intrinsically useless assets

In this section we consider the existence of operative transfer motive steady states and
transitional dynamics in the economy without intrinsically useless assets. Abel (1987)
and Weil (1987b) show that OLGA models have an operative transfer motive steady state
if the intergenerational degrees of altruism are sufficiently high, and operative transfer
motive steady states form lower and upper bounds for the inoperative transfer motive
steady states. Moreover, Kimball (1987) shows that bequest and gift motives cannot be
operative in the same steady state if altruism is symmetric and agents take the actions of
other generations as given. Furthermore, Thibault (2000) shows that operative and
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inoperative transfer motive steady states cannot co-exist if the non-trivial steady state
equilibrium without altruism is unique and determinate. We show that these results also
hold in our model.

Nourry and Venditti (2001) show that exogenous growth OLGA models tend to have a
unique and globally saddle-path stable operative transfer motive steady state. We show
that this result also holds in our model if the effects of technological progress are weak. If
the productivity effect of technological progress is sufficiently strong, it can make the
operative transfer motive steady state globally unstable and cause oscillations around the
steady state. A similar result holds in the endogenous growth OLGA models, where the
source of growth is technological progress due to learning-by-doing externalities alone
(Vendetti 2003). However, interpretation of the unstable steady state in Vendetti's model
is different from that in our model, because steady states do not sustain perpetual growth
in the models. If the erosion effect of technological progress is sufficiently strong, it can
also make the operative transfer motive steady state globally unstable.

Substituting (44f-i) into (44a), (44c) and (44e) and ignoring bt simplifies system (44) to
the following system:

(45a)   n[1+δ(1-α)/α]γ(kt+1)kt+1=[ρ/(1+ρ)][(1-δ)w(kt)+qt+R(kt)e1t-1/γ(kt)-jt]-

                                                         [1/(1+ρ)][nγ(kt+1)(jt+1-qt+1)/R(kt+1)-ne1t]

(45b)    ψnγ(kt+1)c1t+1/c1t
 ≤ R(kt+1) ≤ (1/β)nγ(kt+1)c1t+1/c1t  (=if  jt+1 > 0, =if qt+1+e1t > 0)

(45c)    kt
α+η=c1t+ρR(kt)c1t-1/nγ(kt)+n[1+δ(1-α)/α]γ(kt+1)kt+1

where  c2t/n=ρR(kt)c1t-1/nγ(kt) by (39a).

If  jt+1=qt+1=e1t =0, system (45) is equal to the scalar system (13) in the economy without
altruism. If jt+1>0 or qt+1+e1t >0, system (45) simplifies to the following planar system:

(46a)   n[1+δ(1-α)/α]γ(kt+1)kt+1=
 
f(kt)-(1+ρ/κ)c1t

(46b)   nγ(kt+1)c1t+1/c1t=κR(kt+1)

where κ=β if qt+1+e1t > 0 and κ=1/ψ  if jt+1>0.

Equations (46a) and (46b) define the following mappings in the forward dynamics:

(47a)   kt+1=Ω[f(kt)-(1+ρ/κ)c1t](1-δ)/(δ-µ) ≡χ1(kt, c1t)

(47b)   c1t+1=κR[χ1(kt, c1t)]
 
c1t/nγ[χ1(kt, c1t)]≡χ2(kt, c1t)

where Ω={n[δ(1-α)/α]δ/(1-δ)[1+δ(1-α)/α]}-(1-δ)/(1-µ) >0 by 0<δ<1, ρ>0 and 0<α<1.
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From (47) it follows that

(48a)   χ1
1=[(α+η)(1-δ)/(1-µ)](kt+1/kt)f(kt)/[f(kt)-(1+ρ/κ)c1t]

(48b)   χ1
2= -[(1-δ)/(1-µ)](1+ρ/κ)kt+1/[f(kt)-(1+ρ/κ)c1t

 ]

(48c)   χ2
1=(R'kt+1/Rt+1-γ'kt/γt)(c1t+1/kt+1)

 
χ1

1=[α+η-(1-µ)/(1-δ)](c1t+1/kt+1)
 
χ1

1

(48d)   χ2
2=κRt+1/nγt+(R'kt+1/Rt+1-γ'kt/γt)(c1t+1/kt+1)χ1

2=

                   κRt+1/nγt+[α+η-(1-µ)/(1-δ)](c1t+1/kt+1)
 
χ1

2

where χ1
1>0 and χ1

2<0 by 0<µ<1, 0<δ<1, ρ>0, 0<α<1 and η>0.

Let us denote a non-trivial steady state of the economy without altruism and intrinsically
useless assets by kD, i.e., φ(kD)=kD>0. By using (47) and (48) we can show:

PROPOSITION 5: (i) The economy with altruism and without intrinsically useless assets
has a trivial inoperative transfer motive steady state k =0. Moreover, if (α+η)(1-δ)/(1-
µ)≠1 and β>nγ(kD)/R(kD) or 1/ψ<nγ(kD)/R(kD), then the economy has a unique operative
transfer motive steady state. If (α+η)(1-δ)/(1-µ)≠1 and β≤nγ(kD)/R(kD)≤ 1/ψ, then the
economy has a unique inoperative transfer motive steady state.
(ii) If (α+η)(1-δ)/(1-µ)<1, then the operative transfer motive steady state is globally
saddle-path stable. Moreover, the non-trivial inoperative transfer motive steady state is
globally stable.
(iii) If (α+η)(1-δ)/(1-µ)>1, then the operative transfer motive steady state is globally
saddle-path stable, or it is  unstable and it can have oscillations around it. Moreover, the
non-trivial inoperative transfer motive steady state is globally unstable.

PROOF: Notice first that it is not possible that e1+q>0 and  j>0 in the same steady state
equilibrium by (45b), 0<β<1 and 0<ψ<1. Hence, gifts and bequests or altruistic education
motives cannot be operative in the same steady state.

(i) System of difference equations (47) has a trivial solution q=j=k=c1=0, because
(α+η)(1-δ)/(1-µ)>0. Moreover, it has an operative bequest or altruistic education motive
steady state if q+ne1/β=[(1+ρ)/(ρ+β)] [n(1+δ(1-α)/α)γ(k)k-(ρ/(1+ρ))(1-δ)w(k)]>0 and
nγ(k)=βR(k). The former equation is a function in the (k, q+ne1/β) space, which satisfies
q>0 if φ(k)<k by (13). The latter equation is a vertical line in the (k, q+ne1/β) space. It
follows that the economy has an operative bequest or altruistic education motive steady
state if nγ=βR for some φ(k)<k. Furthermore, it has an operative gift motive steady state
if j=[(1+ρ)/(ρ+1/ψ)] [(ρ/(1+ρ))(1-δ)w(k)-n(1+δ(1-α)/α)γ(k)k]>0 and nγ(k)=(1/ψ)R(k).
The former equation is a function in the (k, j) space, which satisfies j>0 if φ(k)>k by (13).
The latter equation is a vertical line in the (k, j) space. It follows that the economy has an
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operative gift motive steady state if nγ=(1/ψ)R for some φ(k)>k. On the other hand, the
economy has a unique inoperative transfer motive steady state by Proposition 1 if
βR≤nγ≤(1/ψ)R for some φ(k)=k.

If  φ'(kD)<1, i.e., (α+η)(1-δ)/(1-µ)<1, then φ(k)>k for k < kD and φ(k)<k for k > kD.
Moreover, then R'k/R(k)< nγ'k/nγ(k) by (48c), i.e., curve nγ(k) crosses curve R(k) from
below and these curves have a unique strictly positive crossing point. Hence, if
nγ(kD)>(1/ψ)R(kD), then there exists a unique k >0 such that nγ=R and φ(k)>k, but we
cannot find k >0 such that nγ=βR and φ(k)<k or βR≤nγ≤(1/ψ)R and φ(k)=k. If
nγ(kD)<βR(kD), then there exits a unique k >0 such that nγ=βR and φ(k)<k, but we cannot
find k >0 such that nγ=(1/ψ)R and φ(k)>k or βR≤nγ≤(1/ψ)R and φ(k)=k. If βR(kD)≤
nγ(kD)≤ (1/ψ)R(kD), then there exists a unique k >0 such that βR≤nγ≤(1/ψ)R and φ(k)=k,
but we cannot find k >0 such that nγ=βR and φ(k)<k or nγ=(1/ψ)R and φ(k)>k.

If  φ'(kD)>1, i.e., (α+η)(1-δ)/(1-µ)>1, then φ(k)<k for k < kD and φ(k)>k for k > kD.
Moreover, then R'k/R(k)< nγ'k/nγ(k) by (48c), i.e., curve nγ(k) crosses curve R(k) from
above and these curves have a unique strictly positive crossing point. Hence, if
nγ(kD)>(1/ψ)R(kD), then there exists a unique k >0 such that nγ=(1/ψ)R and φ(k)>k, but
we cannot find k >0 such that nγ=βR and φ(k)<k or βR≤nγ≤(1/ψ)R and φ(k)=k. If
nγ(kD)<βR(kD), then there exits a unique k >0 such that nγ=βR and φ(k)<k, but we cannot
find k >0 such that nγ=(1/ψ)R and φ(k)>k or βR≤nγ≤(1/ψ)R and φ(k)=k. If βR(kD)≤
nγ(kD)≤ (1/ψ)R(kD), then there exists a unique k >0 such that βR≤nγ≤(1/ψ)R and φ(k)=k,
but we cannot find k >0 such that nγ=βR and φ(k)<k or nγ=(1/ψ)R and φ(k)>k.

(ii-iii) Because different types of non-trivial steady states cannot co-exist by (i), the
dynamics of the inoperative transfer motive steady states is defined by Proposition 1 and
3. The dynamics of the operative transfer motive steady state is similar to the dynamics of
bubble steady state in Proposition 3, because the qualitative properties of the Jacobian
matrix depend in both systems on R'k/R(k)- nγ'k/nγ(k). Q.E.D.

Proposition 5 is similar to Proposition 1 in the economy without altruism and intrinsically
useless assets except that the non-trivial steady state has an operative transfer motive if
the economy without altruism and intrinsically useless assets has a non-trivial steady state
with sufficiently low or high nγ/R. It follows that different types of steady states cannot
co-exist. Hence, Proposition 5 is consistent with Thibault (2000), who shows that
different types of steady states cannot co-exist if the non-trivial steady state in the
economy without altruism and intrinsically useless assets is unique and determinate.
Moreover, the steady state can have an operative transfer motive, but both transfer
motives cannot be operative in the same steady state. Hence, Proposition 5 is consistent
with Kimball (1987), who shows that bequest and gift motives cannot be operative in the
same steady state if altruism is symmetric and agents take the actions of other generations
as given.34

                                                          
34 With asymmetric two-sided altruism we do not face ψ<1 restriction due to the finiteness of Vt (Abel 1987, Wigger

2001). If ψ≥1, it is possible that ψβ=1 and ψ=1, which implies that both gift and bequest motives can be operative in
the same steady state. If agents take into account the actions of other generations, condition (45b) includes an
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To clarify Proposition 5, let us consider the existence condition for the operative transfer
motive more carefully. From equations (12f), (12g) and (13) it follows that nγ(kD)/R(kD)=
[(1-α)/α]nγ(kD)kD/w(kD)= [ρ/(1+ρ)]/[α/(1-α)(1-δ)+δ/(1-δ)]. Let us denote β^=[ρ/(1+ρ)]/
[α/(1-α)(1-δ)+δ/(1-δ)] and ψ^>[α/(1-α)(1-δ)+δ/(1-δ)]/[ρ/(1+ρ)]=1/β^, where β^ and ψ^
can be smaller or higher than unity by 0<ρ<1, 0<α<1 and 0<δ<1. From Proposition 5 it
follows that:

COROLLARY 3:  If β>β^, then bequest motive is operative in the non-trivial steady
state, and if β≤β^, then bequest motive is inoperative in the non-trivial steady state.  If
ψ>ψ^, then gift motive is operative in the non-trivial steady state, and if ψ≤ψ^, then gift
motive is inoperative in the non-trivial steady state.

Corollary 3 implies the non-trivial steady state has an operative transfer motive if β or ψ
is sufficiently high. Hence, the economy has an operative transfer motive if the degrees of
altruism are sufficiently high as in Abel (1987) and Weil (1987b). The threshold values
of β and ψ depend on the discount factor ρ and the productivity of physical capital α as
in the exogenous growth OLGA model with a log-linear utility and C-D production
functions (De la Croix and Michel 2002, 253). Moreover, they also depend on the
productivity of education δ. However, they do not depend on the productivity of
technological progress µ and η. This result is sensible, because µ and η define the effect
of production externalities on the model and thereby they do not have a direct influence
on intertemporal allocation.

Dynamic properties of the model are analogous to the model with intrinsically useless
assets in the previous chapter, because the second state variable (c1t) is a forward looking
variable without any initial condition. The stability of the operative transfer motive
steady state depends on the degrees of returns to scale in production functions g and f,
i.e., on the strength of the productivity and erosion effects of technological progress.

If g and f have decreasing returns to scale, then the operative transfer motive steady state
is saddle-path stable, because δ-µ>0 and α+η<1 ⇒ (α+η-1)(1-δ)<δ-µ ⇒ (α+η)(1-δ)/(1-
µ)<1. This result is sensible, because the same is true for the exogenous growth OLGA
models with a log-linear utility function and C-D production functions (Nourry and
Venditti 2001).

If f has increasing returns to scale (α+η>1), then it is possible that (α+η-1)(1-δ)>δ-µ ⇒
(α+η)(1-δ)/(1-µ)>1. In this case, the operative transfer motive steady state is unstable and
it can have oscillations around it. A similar result holds for the endogenous growth
OLGA models, where the source of growth is technological progress due to learning-by-
doing externalities alone (Venditti 2003). The interpretation of the unstable steady state
in Vendetti's model is different from that in our model, because the model does not
sustain perpetual growth in the steady state.
                                                                                                                                                                            

additional term due to the reaction of children to an increase in parents' saving  (O'Connel and Zeldes 1993, Lagerlöf
1997). In this case, it is possible that both gift and bequest motives can be operative in the same steady state.
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If g has negative returns to scale (δ-µ<0 ), then it is also possible that (α+η-1)(1-δ)>δ-µ
⇒ (α+η)(1-δ)/(1-µ)>1. Hence, the erosion effect of technological progress is an
additional reason for the unstability of the non-trivial steady state and oscillations.

To consider the relationship between different types of steady state equilibria, let us
denote an operative gift motive steady state by kj, an operative bequest or altruistic
education motive steady state by kq and a non-trivial inoperative transfer motive steady
state by k0. By using these notations we can show:

PROPOSITION 6:  In the economy with altruism and without intrinsically useless assets,
operative bequest and gift motive steady states form an upper and lower bound for the
non-trivial inoperative transfer motive steady state such that kq< kj and kq ≤ k0 ≤ kj if
(α+η)(1-δ)/(1-µ)<1, and kj< kq and kj ≤ k0 ≤ kq if (α+η)(1-δ)/(1-µ)>1.

PROOF: Constraints 0<ψ<1 and 0<β<1 together with (45b) imply that R(kq)>nγ(kq) and
R(kj)<nγ(kj). Moreover, curves R(k) and nγ(k) has a unique crossing point kGR >0 by
(44g) and (44i). From the uniqueness of kGR>0, it follows that R<nγ for k>kGR and R>nγ
for k<kGR if R'(kGR)< nγ'(kGR) and R<nγ for k<kGR and R>nγ for k>kGR if R'(kGR)>nγ'(kGR).
It follows that kq < kj  if  kGRR'/R<nkGRγ'/nγ, i.e., (α+η)(1-δ)/(1-µ)<1. Moreover, it is not
possible that k0< kq or k0> kj, because βR(k0)> nγ(k0) and (1/ψ)R(k0)<nγ(k0) are not
feasible equilibria by (45b). Hence, if k0 exists, it must satisfy kq ≤ k0 ≤ kj. On the other
hand, kq >kj  if  kGRR'/R> nkGRγ'/nγ, i.e., (α+η)(1-δ)/(1-µ)>1. Moreover, it is not possible
that k0> kq or k0< kj, because βR(k0)>nγ(k0) and (1/ψ)R(k0)< nγ(k0) are not feasible
equilibria by (45b). Hence, if k0 exists, it must satisfy kj ≤ k0 ≤ kq. Q.E.D.

Proposition 6 implies that the relationship between kq and kj  depends on the degree of
returns to scale in production functions g and f, i.e., on the strength of the productivity
and erosion effects of technological progress. If g and f have decreasing returns to scale
(δ-µ>0, α+η<1), then (α+η)(1-δ)/(1-µ)<1 ⇔ (α+η-1)(1-δ)<δ-µ and kj <kq. This result is
sensible, because the same is true for the exogenous growth OLGA models (Abel 1987).
If g has negative returns to scale (δ-µ<0) or f has increasing returns to scale (α+η>1),
then it is possible that (α+η)(1-δ)/(1-µ)>1 ⇔ (α+η-1)(1-δ)>δ-µ and kq <kj .

Moreover, Proposition 6 implies that operative transfer motive steady states kq and kj  
restrict the feasible values of the non-trivial inoperative transfer motive steady state k0

such that kq and kj  form an upper and lower bound for k0. The strength of these bounds
depends on the intergenerational degrees of altruism such that limβ→0 kq =0 and limψ→0 kj

=∞  if  (α+η)(1-δ)/(1-µ)<1 and limβ→0 kj =0 and limψ→0 kq =∞ if (α+η)(1-δ)/(1-µ)>1. It
follows that the type of the steady state depends on the size of the intergenerational
degrees of altruism α and ψ. When α and/or ψ increases, the feasible range of k0

decreases. If  α and/or ψ is sufficiently high, it is possible that k0 does not exist. Hence,
with a low level of altruism, the economy tends to have inoperative transfer motive and
with high level of altruism the economy tends to have operative transfer motive.
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If we allow more general forms of utility and production functions than (3), (5) and (6),
then the threshold values of the degrees of altruism may also depend on model properties
other than the productivity of physical capital, education and technological progress.
Moreover, the relationship between kq and kj does not necessarily depend directly on the
degree of returns to scale in production functions g and f. Furthermore, it is possible that
the economy has multiple kGR, kq and kj. In this case, the relationship between kq, kj and k0

is ambiguous.35

4.3  Steady states and transitional dynamics with intrinsically useless assets

In this section we consider the existence of operative transfer motive steady states and
transitional dynamics in the economy with intrinsically useless assets. The analysis is
similar to the economy without intrinsically useless assets except that the gift motive is
replaced by the non-arbitrage condition of bubbles, because bubbles dominate gifts in the
steady state.

Substituting (44f-i) into (44a), (44c-e) simplifies system (44) to the following system:

(49a)   n[1+δ(1-α)/α]γ(kt+1)kt+1=[ρ/(1+ρ)][(1-δ)w(kt)+qt+R(kt)e1t-1/γ(kt)-jt]-

                                                    [1/(1+ρ)][nγ(kt+1)(jt+1-qt+1)/R(kt+1)-ne1t]- bt

(49b)    ψnγ(kt+1)c1t+1/c1t
 ≤ R(kt+1) ≤ (1/β)nγ(kt+1)c1t+1/c1t  (=if  jt+1 > 0, =if qt+1+e1t > 0)

(49c)    nγ(kt+1)
 
bt+1/

 
bt

 ≤ R(kt+1) (=if  bt > 0)

(49d)    kt
α+η=c1t+ρR(kt)c1t-1/nγ(kt)+n[1+δ(1-α)/α]γ(kt+1)kt+1

where  c2t/n=ρR(kt)c1t-1/nγ(kt) by (39a).

If  jt+1=qt+1=e1t =0, system (49) is equal to the planar system (31) in the economy with
intrinsically useless assets and without altruism. If jt+1>0 or qt+1+e1t >0, system (49)
simplifies to the planar system (46).

By using (47) and (48) we can show:

PROPOSITION 7: (i) The economy with altruism and intrinsically useless assets has a
trivial inoperative transfer motive bubbleless steady state k =0. Moreover, if (α+η)(1-
δ)/(1-µ)≠1 and β>nγ(kD)/R(kD), then the economy has a unique operative transfer motive
bubbleless steady state. If (α+η)(1-δ)/(1-µ)≠1 and 1>nγ(kD)/R(kD), then the economy has
a unique inoperative transfer motive bubble steady state. If (α+η)(1-δ)/(1-µ)≠1 and

                                                          
35 For the analysis of the model with general forms of production functions and a constant elasticity of substitution

utility function, see Appendix 1.
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β≤nγ(kD)/R(kD) ≤1, then the economy has a unique inoperative transfer motive bubbleless
steady state.
(ii) If (α+η)(1-δ)/(1-µ)<1, then the operative transfer motive and bubble steady states are
globally saddle-path stable. Moreover, the non-trivial inoperative transfer motive
bubbleless steady state is globally stable.
(iii) If (α+η)(1-δ)/(1-µ)>1, then the operative transfer motive and bubble steady states
are globally saddle-path stable, or they are unstable and they can have oscillations
around them. Moreover, the non-trivial inoperative transfer motive bubbleless steady
state is globally unstable.

PROOF: Notice first that it is not possible that e1+q>0, j>0 or b>0 in the same steady
state by (49b), (49c), 0<β<1 and 0<ψ<1. Hence, an operative transfer motive steady state
does not have bubbles and a bubble steady state does not have an operative transfer
motive. Moreover,  j=0 in the steady state by (49b), (49c) and 0<ψ<1. Hence, the
economy cannot have an operative gift motive in the steady state.

(i-ii) The proof follows as in Proposition 5 by noticing that bubble steady states dominate
operative gift motive steady states, but not operative bequest or altruistic education
motive steady states. Q.E.D.

Proposition 7 is similar to Proposition 5 in the economy with altruism and without
intrinsically useless assets except that gifts are replaced by bubbles. The economy may
have an operative bequest motive in the non-trivial steady state or the non-trivial steady
state may be a bubble steady state, but the gift motive is never operative in the non-trivial
steady state. This result follows, because 0<β<1 and 0<ψ<1 and the non-trivial steady
state is a bubble steady state if β^>1 by Proposition 3. Hence, altruism does not eliminate
bubbles, but bubbles eliminate gifts.36

To consider the relationship between different types of steady state equilibria, let us
denote a bubble steady state by kb, an operative bequest or altruistic education motive
steady state by kq and a non-trivial inoperative transfer motive bubbleless steady state by
k0. By using these notations we can show:

PROPOSITION 8:   The operative bequest motive steady state and the bubble steady
state form an upper and lower bound for the non-trivial inoperative transfer motive
steady state such that kq< kb and kq ≤ k0 ≤ kb if (α+η)(1-δ)/(1-µ)<1, and kb< kq and kb ≤ k0

≤ kq if (α+η)(1-δ)/(1-µ)>1.

                                                          
36 This results follow from the assumptions that altruism is symmetric and agents take the actions of other generations

as given as in proposition 5. With asymmetric two-sided altruism we do not face ψ<1 restriction due to finiteness of
Vt (Abel 1987, Wigger 2001). If  ψ≥1, it is possible that ψβ=1 and ψ=1, which implies that gift motive can be
operative in the bubble steady state. Moreover, if ψ>1, then condition (49b) implies that a steady state must satisfy
nγ≤(1/ψ)R<R, which eliminates bubble steady states nγ=R. If agents take into account the actions of other
generations, condition (49b) includes an additional term due to the reaction of children to an increase in parents'
saving (O'Connel and Zeldes 1993, Lagerlöf 1997). In this case, it is possible that gift motive can be operative in the
bubble steady state.
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PROOF: The proof follows as in Proposition 6 by noticing that kGR=km. Q.E.D.

Proposition 8 is similar to Proposition 6 in the economy with altruism and without
intrinsically useless assets except that gifts are replaced by bubbles. Because kb forms a
stronger bound for k0 than the operative gift motive steady state kj, gifts are an imperfect
substitute for bubbles. Moreover, the strength of this bound does not depend on the
degree of altruism Ψ, but it depends on the relationship between the growth rate of output
and the rate of return on physical capital, i.e., on the dynamic efficiency. In particular,
because kb satisfies the Golden Rule, it is dynamically efficient and eliminates
dynamically inefficient k0.

5.  GOVERNMENT DEBT AND PERMANENT BUDGET DEFICITS

In this chapter we consider the redistribution of resources from children to parents
through government debt and permanent budget deficits. We add to the model
government debt and non-productive government expenditures, and consider a constant
deficit policy and permanent budget deficits as in Azariadis (1993, 322) and De la Croix
and Michel (2002, 193).

Government debt can work in the economy in a way similar to bubbles. Diamond (1965)
considers a constant debt policy and shows that government debt can eliminate
dynamic inefficiency due to OLG-structure of the economy. Azariadis (1993, 322) and
De la Croix and Michel (2002, 193) extend Diamond's result to a constant deficit policy.

To keep things simple, we assume that government debt and expenditures are financed by
issuing new debt instead of future tax payments. It follows that the present value of future
taxes does not cover the initial value of the debt and the government intertemporal budget
constraint does not hold. This type of debt finance is called a Ponzi game. Ponzi games
are an example of bubbles, which were studied in chapter 3.37 Hence, a necessary
condition for the Ponzi game debt finance is that the economy without bubbles is
dynamically inefficient. Otherwise the analysis of government debt differs somewhat
from the analysis of bubbles, because government expenditures cause a permanent
government budget deficit. Budget deficits increase the amount of debt, which implies
that they decrease the effect of debt on the economy. Moreover, the economy with
government debt and permanent budget deficits tends to have two bubble steady states

After the theoretical discussion of the government debt and permanent budget deficits,
we connect the model to the empirical discussion on dynamic inefficiency and
sustainability of the Ponzi game debt finance by calibrating a stationary version of the
model for the U.S. data.

                                                          
37 For the discussion on the connection between Ponzi games and bubbles, see O'Connell and Zeldes (1988) and De La

Croix and Michel (2002, 211). For the effects of taxation in the endogenous growth OLG models with human
capital, see Caballe (1995, 1998), Ihori (2001) and Yakita (2003).
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5.1. The model

The model is the same as in Chapter 2 except that the economy has government debt and
non-productive government expenditures. The economy does not have taxes, which
implies that the government debt is a Ponzi game and the government has permanent
budget deficits. Government debt can be used as a substitute for savings in physical
capital in a manner similar to intrinsically useless assets. Because government debt does
not affect periodic budget constraints (1a) and (1b), the households' utility maximization
problem (7) and first-order conditions (8) hold.

The government budget constraint is:

(50)    At+1=RA
t+1At+Dt+1     At ≥0, Dt ≥0

where At is the government debt, RA
t+1 is the gross rate of return on debt and Dt is the

government budget deficit, which is used for government non-productive expenditures Gt

(wasted consumption). Because the model does not have taxes, we have Gt=Dt≥ 0.
Constraint At ≥0 implies that the model does not have public production and the
government cannot save in private capital.38

Non-arbitrage between savings in the government debt and physical capital implies that:

(51)    RA
t+1≤ Rt+1  (=if  At > 0)

By using (51) we can rewrite government budget constraint (50):

(52)    nat+1/
 
at

 ≤ Rt+1+ndt+1/
 
at

 
 (=if  at > 0)

where at=At/Nt and dt+1=Dt+1/Nt+1.

Condition (52) determines when the economy can sustain Ponzi games and when the
non-negativity constraint for government debt is binding. If the economy sustains Ponzi
games, condition (52) defines a link between the rate of return on debt, government
deficit and the growth rate of debt.

To close the model, we assume that government runs a constant deficit budget policy:

(53)   dt+1=d   

where dt+1=Dt+1/Ht+1 is the deficit per effective unit of labor.

                                                          
38 If the model has public production or the government can save in private capital, then At can be interpreted as

government net debt and it can be also negative (Farmer 1986).
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From (53) it follows that Dt+1/Dt=Ht+1/Ht, i.e., the growth rate of the deficit is equal to the
growth rate of the economy in the balanced growth equilibrium. If the growth rate of the
deficit were higher than the growth rate of the economy, government budget constraint
(52) would eventually violate periodic budget constraint (1a) in the balanced growth
equilibrium. If the growth rate of the deficit were lower than the growth rate of the
economy, then dt+1 would eventually vanish in the balanced growth equilibrium.

Asset and goods market clearing conditions are:

(54a)   Ntst= Kt+1+At+Nt+1et

(54b)   F(Kt,Ht, 

_
kt)=Ntc1t+Nt-1c2t+Nt+1et+Dt+Kt+1   

The equilibrium of the economy is defined as:

DEFINITION 6: A competitive equilibrium of the economy with government debt and
permanent budget deficits is a sequence {at,c1t,c2t+1,dt+1,et,ht,kt+1}∞t=0 such that
(i) c1t, c2t+1 and et-1 maximize utility (6) subject to budget constraint (2) and human
capital production function (5) under given factor and asset prices and external effects
(ii) factors are paid their marginal products (4)
(iii) budget constraints (1) and market clearing conditions (54) are satisfied  
(iv)  k0>0, h0>0
(v)kt=kt andht=ht
(vi) government budget constraint (52) and policy conditions (53) are satisfied

The definition of the competitive equilibrium of the economy with government debt and
permanent budget deficits is similar to the definition of the competitive equilibrium of the
economy without government debt except that the economy has two additional state
variables at and dt+1, which satisfy government budget constraint (52) and policy
condition (53). Moreover, the economy satisfies market clearing conditions (54) instead
of market clearing conditions (10) and (11).

Equations (4), (5), (9), (52), (53) and (54) define the competitive equilibrium of the
economy with government debt and permanent budget deficits:

(55a)   nγtkt+1+net+at=[ρ/(1+ρ)](1-δ)wt

(55b)   c1t=[1/(1+ρ)](1-δ)wt

(55c)   nγt

 
at+1/

 
at

 ≤ R(kt+1)+nγt

 
d/

 
at

 
 (=if  at > 0)

(55d)    kt
α+η=c1t+c2t/n+net+d+nγtkt+1    

(55e)   et=[δ(1-α)/α]1/(1-δ) kt+1
(1-µ)/(1-δ)  ≡e(kt+1)
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(55f)   γt 

 
=[δ(1-α)/α]δ/(1-δ) kt+1

(δ-µ)/(1-δ) ≡γ(kt+1)

(55g)   wt=(1-α)kt
α+η ≡w(kt)

(55h)   Rt=αkt
α+η-1 ≡R(kt)

where at=at/ht is the debt per effective unit of labor and (55e-h) define et, γt, wt+1 and Rt+1
as a function of kt+1.

System (55) can have two types of equilibria. If at > 0, they are called bubble equilibria,
and if at =0, they are called bubbleless equilibria.

5.2  Steady states

In this section we consider the existence of non-trivial steady states in the economy with
government debt and permanent budget deficits. Azariadis (1993, 322) and De la Croix
and Michel (2002, 203) show that exogenous growth OLG models with government debt
and permanent budget deficits tend to have two bubble steady states with different types
of transitional dynamics if the non-trivial steady state of the economy without debt is
dynamically inefficient. Moreover, they show that permanent budget deficits have a
maximum sustainable upper bound and that they decrease the effect of debt on the
economy. We show that these results also hold in our model.

Multiple bubble steady states complicate the dynamics of the model and tend to cause
indeterminacy if some part of the debt is infinitely lived, i.e., the initial value of debt is
not predetermined.39 The dynamic analysis of the model with complex dynamics and
indeterminacy is beyond the scope of this study. Hence, we focus on the stationary
solutions.

Substituting (55e-h) into (55a) and (55c) simplifies system (55) to the following planar
system:

(56a)   n[1+δ(1-α)/α]γ(kt+1)kt+1=[ρ/(1+ρ)](1-δ)w(kt)-at

(56b)   nγ(kt+1)at+1/
 
at

 ≤ R(kt+1)+nγ(kt+1)
 
d/

 
at

   (=if  at > 0)

If d =0, system (56) is equal to the planar system (31) in the economy with intrinsically
useless assets.

                                                          
39 Government debt can be finitely or infinitely lived (O'Connell and Zeldes 1988). A finitely lived debt always has an

initial value, which is defined by the present discounted value of the aggregate debt payments. Hence, finitely lived
debt is a predetermined state variable like physical capital while infinitely lived debt is a forward-looking variable
like bubbles without any initial conditions. This implies that a planar system for physical capital and debt can have
local indeterminacy if some part of the debt is infinitely lived and the model has a stable invariant set.
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Let us denote a non-trivial steady state of the economy without debt by kD, i.e.,
φ(kD)=kD>0. By using (56) we can show:

PROPOSITION 8:  If (α+η)(1-δ)/(1-µ)≠1, 0<d<d^ and nγ(kD)>R(kD), then the economy
with government debt and permanent budget deficits has two bubble steady states. If
(α+η)(1-δ)/(1-µ)≠1, d=d^ and nγ(kD)>R(kD), then the economy has a unique bubble
steady state. If (α+η)(1-δ)/(1-µ)≠1 and d>d^ or nγ(kD)≤R(kD), then the economy has a
unique non-trivial bubbleless steady state.

PROOF: System of difference equation (56) has a bubble steady state if
a=[ρ/(1+ρ)](1-δ)w(k)-n[1+δ(1-α)/α]γ(k)k>0 and a=nγ(k)d/[nγ(k)-R(k)]. The former
equation is a function in the (k,a) space, which satisfies a>0 if φ(k)>k. The latter equation
is a decreasing [(α+η)(1-δ)/(1-µ)<1] or increasing [(α+η)(1-δ)/(1-µ)>1] hyperbola in the
(k,a) space, which approaches to the vertical and horizontal asymptotes nγ(k)=R(k) and
k=0 as d→0. It follows that the economy has a two (one) bubble steady states if nγ=R for
some φ(k)>k and 0<d<d^ (d=d^), where

d^=argmax {[ρ(1-δ)w(k)/(1+ρ)-n(1+δ(1-α)/α)γ(k)k][1-R(k)/nγ(k)]}
            k

On the other hand equations (56a) and (56b) imply that a bubbleless steady state must
satisfy nγ≤R for some φ(k)=k or d>d^ and φ(k)=k.

The rest of the proof follows as in Proposition 3(i). Q.E.D.

Proposition 8 implies that the economy with government debt and permanent budget
deficits tends to have two bubble steady states as in Azariadis (1993, 322) and De la
Croix and Michel 2002, 203). Moreover, it implies that deficit decreases the effect of
debt on the economy and can even eliminate it if the size of the deficit is sufficiently
high. Hence, the deficit has a maximum sustainable upper bound.

If the deficit is small, then the local dynamics of the first one bubble steady state is
similar to the dynamics of the bubble steady state in the model with intrinsically useless
assets, because nγ is close to R in this steady state. However, the dynamics of the second
bubble steady state tends to be different, because nγ is higher than R in this steady state.
In particular, the second bubble steady state can be locally stable and thereby locally
indeterminate if some part of the debt is infinitely lived. On the other hand, the global
dynamics of the economy can be indeterminate, because equilibrium mapping can have
multiple stable manifolds, which overlap (Galor 1992). Hence, we ignore the dynamic
analysis of the model and just note that the permanent budget deficits can cause local as
well as global indeterminacy even with a log-linear utility function and C-D production
functions.



60

5.3  Calibration of the model

In this section we consider the empirical relevance of the model by calibrating a
stationary version of the economy with government debt and permanent budget deficits
for the U.S. post-war data (1945-2000). Ponzi game debt finance in the U.S. economy is
studied by Bullard and Russell (1999) and Chalk (2000) in the calibrated exogenous
growth OLG model. They argue that moderate permanent budget deficits are sustainable
by Ponzi game debt finance, because the average rate of return on the U.S. government
debt has been lower than the average growth rate of output in the U.S economy. We show
that the same is true for our model, but the sustainable levels of deficit and debt are lower
than in the exogenous growth OLG models.

The empirical discussion on dynamic inefficiency and sustainability of Ponzi game debt
finance is concentrated on the U.S. economy. The reason for this is that it does not make
very much sense to study Ponzi game debt finance and dynamic inefficiency in the small
open economy such as in Finland, where the rate of return on physical capital is
determined by international capital markets and the government can use external Ponzi
game debt finance. Moreover, the U.S. economy has grown faster than other developed
countries, which makes the case for redistributing resources from children to parents
through the Ponzi game debt finance more relevant.

In general, we cannot test directly if government runs a Ponzi game, because agents'
expectations and future values of the fundamentals are non-observable. However, we can
find four types of indirect evidence on Ponzi games.

First, we can test the time series properties of the historical debt data. Hamilton and
Flavin (1986) find evidence on the fact that the Ponzi game term is not significant in the
U.S. government debt. After the seminal study by Hamilton and Flavin a number of
studies have concluded in contradictory results. For example, Wilcox (1989) finds
evidence on the non-stationarity in the U.S. debt, which implies that the possibility of
Ponzi game debt finance cannot be rejected. On the other hand, Bohn (1995,1998)
considers a stochastic version of the government intertemporal budget constraint. He
finds evidence on the fact that the U.S. debt/GDP ratio displays mean-reversion, which
implies that the Ponzi game term tends to be insignificant. Hence, we can conclude that
time series tests give mixed evidence on Ponzi games.40

Second, we can consider the possibility of dynamic inefficiency through bequest and gift
motives. Overall transfers from parents to children are usually positive in all developed
economies. However, these transfers are seldom motivated by altruism. They may be
motivated by uncertain lifetime (Abel 1985), strategic exchange motive (Bernheim et al.
1985) or factor complementaries in production (Boldrin 1994). If we eliminate non-
altruistically motivated transfers from overall transfers, the remaining transfers tend to be
zero (Bernheim et al. 1985, Cox 1987, Altonji et al. 1997). Hence, we can find evidence

                                                          
40 For a more detailed discussion on time series evidence on Ponzi games, see a survey by Chalk and Hemming (2000).
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for the inoperative altruistic transfer motive from parents to children, which implies a
possibility of dynamic inefficiency.

Third, we can consider the possibility of dynamic inefficiency through the rate of return
on physical capital and the growth rate of output. In this literature the main issue is the
question of why the average risk-free rate of return in the U.S. economy has been lower
than the average growth rate of output. This question is also closely related to the
difference between the risk-free rate of return and the rate of return on equity, i.e., the
Mehra and Prescott (1985) equity premium puzzle. If the reason for the low risk-free rate
of return is uncertainty, a sufficiently high risk aversion would imply that the average
risk-free rate of return can be below the grow rate of output in the dynamically efficient
economy (Abel et al. 1989). In this case, Ponzi games are not feasible or the reason for
them is not dynamic inefficiency but imperfect risk-sharing (Bertocchi 1991, Gale 1995,
Blanchard and Weil 2001). On the other hand, if the reason for the low risk-free rate of
return is intermediation costs or other market imperfections, the low risk-free rate of
return implies dynamic inefficiency and the feasibility of Ponzi games (Bullard and
Russell 1999, Bohn 1999). Because the equity premium puzzle still remains unsolved
(Kocherlakota 1996), the feasibility of Ponzi games from this viewpoint remains an open
question.

Fourth, we can simulate a parametric version of the model and check if the model
resembles the empirical features of the U.S. economy with realistic parameter values of
the model. Bullard and Russell (1999) and Chalk (2000) have calibrated a dynamically
inefficient exogenous growth n-period OLG model with government debt to U.S. data.
Bullard and Russell show that dynamic inefficiency fits well in the U.S. data and solves
the problem of too low savings rates in the earlier models. Chalk considers explicitly the
Ponzi game debt finance in the U.S. economy and finds that the maximum sustainable
debt deficit/GNP ratio is about 5%.

In the calibration we use a stationary version of the model with government debt and
permanent budget deficits. The transitional dynamics of the steady states is ignored in the
calibration, because it would complicate the analysis significantly. Moreover, we add to
the model exogenous scale factors and an exogenous equity premium. The scale factors
are needed to match the rate of return on physical capital and the growth rate of output to
the observed values. The equity premium corrects the observed difference between the
rate of return on government debt and the rate of return on physical capital. A similar
type of exogenous equity premium is used by Bullard and Russell (1999) and Chalk
(2000). The equity premium can be viewed as compensation for risk, intermediation costs
or some other market imperfection. The explicit modeling of the equity premium would
cause some major changes to the model and is beyond the scope of this study.41

We can rewrite the government budget constraint by using the deficit/GDP ratio and the
exogenous equity premium in the following form:

                                                          
41 For endogenous equity premium and Ponzi games, see Bertocchi (1991), Gale (1995), Bohn (1999) and Blanchard

and Weil (2001).    
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(57)   nγtat+1= πt+1Rt+1 

 
at+d~t+1f(kt+1)   0≤d~t+1<1    0<πt+1<1

where d~t+1= Dt+1/Yt+1 is a deficit/GDP ratio and 1/πt+1 is a proportional equity premium
between the gross rate of return on physical capital and government debt. Because πt+1<1,
the gross rate of return on government debt πt+1Rt+1 is always smaller than the gross rate
of return on physical capital Rt+1.

Equations (55a), (55e-h) and (57) imply that the calibrated model is defined as follows:

(58a)   
 
a=[ρ/(1+ρ)](1-δ)w(k)-n[1+δ(1-α)/α]γ(k)k≡K(k)

(58b)   
 
a=d~f(k)/[1-

 
πR(k)/nγ(k)

 
] ≡A(k)      

(58c)   γ(k) 

 
=Λ1

1/(1-δ)[δ(1-α)/α]δ/(1-δ) k(δ-µ)/(1-δ)

(58d)   w(k)=(1-α)Λ2kα+η

(58e)   R(k)=αΛ2kα+η-1

(58f)    f(k)=Λ2kα+η

where Λ1 and Λ2 are exogenous scale factors.

To conduct the calibration exercise, we must next define the parameter values of the
model. The choice of the parameter values is a central part of the calibration exercise.
While there is some agreement in the calibration literature on the form and the parameter
values of the physical capital production function and the utility function, one cannot find
a similar consensus on the form or the parameter values of the human capital production
function (Docquier and Michel 1999, Fougere and Merette 1999, Rangazas 2000,
Bouzahzah et al. 2002). The main reason for this is that empirical evidence on human
capital is not so clear, because empirical interpretation of the theoretical concept of
human capital is often broad and less established than empirical interpretation of physical
capital. Usually empirical evidence on human capital is based mostly on the empirical
estimates of skills acquired through schooling (Temple 2000, Topel 2003) while the
concept of human capital in theoretical models is often more closely related to
knowledge, which also includes other types of skills.

We divide the parameters of the model into two classes according to the above
distinction. The first class encompasses the parameters of the production functions and
the utility function, on which there, more or less, is a consensus in the literature. Their
values are fixed in all variations of the model. The second class is the parameters of the
production functions, on which there is no consensus in the literature. Their values
depend on the particular scenario of the model. Moreover, within the given scenario, they
are chosen to match, in the best possible way, with the observed values of the variables.



63

The model is calibrated to match the facts of the post-war U.S. economy. The values of
the parameters and variables are more or less standard values of the U.S. economy used
in the calibration literature. To match the three-period model to the annual data, we
assume that the length of the time period is 25 years. Hence, annual values of the
parameters and variables are raised to the power of 25. This type of transformation is
used by Pemberton (1994), Rangazas (1996,2000) and Lord and Rangazas (1998) among
others.

The parameter and variables of the model are represented in the following tables:

Table 1a  Fixed parameters

Parameters                                                             Annual value   25-year period value

Physical capital share of income α           0.25 0.25
Private discount factor                  ρ 0.96 0.36
Scale parameter in human capital
production function Λ1 1.02 1.64
Scale parameter in physical capital
production function Λ2 1.14 26.5
Gross growth rate of population n 1.01 1.28

Table 1b  Scenario  parameters    

Parameters                     Scen. 1  Scen. 2  Scen. 3  Scen. 4

Education parameter δ 0 0.1   0.1     0.1
Erosion parameter       µ 0 0         0.2     0
Productivity parameter η 0 0   0     2

Table 1c Observed variables

Variables                                                             Annual value   25-year period value

Gross return on equity            R 1.07 5.43
Gross return on government debt      πR 1.01 1.28
Inverse of the equity premium           π 0.94                0.24
Gross growth rate of per worker GDP   γ 1.02 1.64

Source: Chalk (2000), Rangazas (2000)
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The values of the physical capital share of income α and the discount factor ρ are
important to the model, because they have a direct effect on dynamic inefficiency and the
sustainable level of the deficit. The value of the physical capital share of income 0.25 is
based on data and it is used generally in all calibrated models. The empirical estimate for
the private discount factor is less clear. The value for the annual discount factor in the
infinitely lived representative agent models is usually 0.96, while in the OLG models it is
usually 0.99 (Auerbach and Kotlikoff 1987, Chalk 2000). The reason for higher ρ in  the
OLG models is that it increases the savings rate, which is otherwise too low due to low
estimated value of the elasticity of intertemporal substitution. With a log-linear utility
function the elasticity of intertemporal substitution is unity and we do not face this
problem. Hence, we can use the lower value of ρ.

The values of the scale parameters Λ1 and Λ2 are not very important to the model,
because they has little effect on dynamic inefficiency and the sustainable level of the
deficit. The annual value of the scale parameter in the human capital production function
1.02 is chosen to match the per worker growth rate in case of zero education investments
(δ=0). The annual value of the scale parameter in the physical capital production function
1.14 is chosen to match, in the best possible way, with the observed returns on
government debt and equity in the steady state with the highest sustainable level of the
budget deficit.

The values of the parameters δ, µ and η depend on the particular scenario of the model
and they are chosen to match in the best possible way to the observed values of the
returns and the growth rate in the steady state with the highest sustainable level of the
budget deficit. Empirical estimates for δ can be formed by using education spending
shares of the income and they vary between 0.1 and 0.3 (Rangazas 2000, Bouzahzah et
al. 2002). We choose δ=0.1, because higher value of δ would imply too low balanced
growth rate of output. In the third and fourth scenario, values of µ and η are chosen to be
0.2 and 2 to demonstrate the possibility of the positive growth effect of debt.

The values of the gross return on equity R, the gross return on government debt πR,  the
inverse of the equity premium π and the gross growth rate of GDP nγ are based on data
and are generally used in all calibrated models. The annual value of the inverse of the
equity premium is 1.01/1.07 ≈ 0.94 by the observed annual values of the gross return on
government debt 1.01 and the gross return on equity 1.07. A change in the risk premium
would only have a small effect on the dynamic inefficiency of the economy and the
sustainable level of the deficit, because the change would be compensated for by a
corresponding adjustment in the scale parameter Λ2.42 In the endogenous growth version
of the model, the annual gross growth rate of GDP 1.03 consists of the exogenous annual
gross growth rate of the labor force 1.01 and the annual endogenous gross growth rate of
per worker GDP 1.02. In the exogenous growth version of the model, the annual gross
growth rate of per worker GDP 1.03 consists of the exogenous gross growth rate of the
labor force 1.01 and the exogenous technological progress 1.02 defined by the scale
factor Λ1.
                                                          
42 Similar effect is also found by Chalk (2000).
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The first scenario is an exogenous growth model, where education investments are zero
(δ=0) and there is no endogenous technological progress (µ=η=0). The annual exogenous
growth rate of the economy is nγ=nΛ1≈1.03. The highest sustainable deficit/GDP ratio is
4.1 %. This is illustrated in Figure 3, where we have drawn curves K(k) (equation 58a)
and A(k) (equation 58b) and the gross growth rate of the economy nγ(k) (equation 58c) in
the (k,a) space. The highest sustainable deficit is a tangency point for the curves K(k) and
A(k).

FIGURE 3 Exogenous growth model (full calibrated model in Appendix 2)

In the exogenous growth model, the highest sustainable level of deficit/GDP ratio is
4.1%, which is close to Chalk's (2000) results in the n-period exogenous growth OLG
model (4.4 % with ρ=0.96, 5.2 % with ρ=0.99). Compared to the post-war U.S.
deficit/GDP ratio 2%, this model implies a very high sustainable level of deficit.

The second scenario is an endogenous growth model with human capital accumulation
(δ=0.1) and without technological progress (µ=η=0).
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FIGURE 4  Endogenous growth model without technological progress  (full calibrated
model in Appendix 2)

In the endogenous growth model without technological progress, the highest sustainable
level of deficit/GDP ratio is 2.1 %, which is lower than in the exogenous growth model
and close to the post-war U.S. deficit/GDP ratio 2%. The effect of debt on the growth rate
of the economy is negative, as can be seen from Figure 4.

The third scenario is an endogenous growth model with human capital accumulation
(δ=0.1) and a negative erosion effect of technological progress (µ=0.2, η=0).

FIGURE 5  Endogenous growth model with a negative erosion effect of technological
progress (full calibrated model in Appendix 2)

In the endogenous growth model with the erosion effect, the highest sustainable level of
deficit/GDP ratio is 2.1 %, which is lower than in the exogenous growth model and close
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to the post-war U.S. deficit/GDP ratio 2%. The effect of debt on the growth rate of the
economy is positive, as can be seen from Figure 5.

The fourth scenario is an endogenous growth model with human capital accumulation
(δ=0.1) and a positive productivity effect of technological progress (µ=0, η=2).

FIGURE 6  Endogenous growth model with a positive productivity effect of
technological progress (full calibrated model in Appendix 2)

In the endogenous growth model with the productivity effect, the highest sustainable
level of deficit/GDP ratio is 2.1 %, which is lower than in the exogenous growth model
and close to the post-war U.S. deficit/GDP ratio 2%.The effect of debt on the growth rate
of the economy is positive, as can be seen from Figure 6.

The results of the calibration exercise are summarized in the following table.

Table 2 Results from alternative scenarios

Variables                                                  Scen. 1   Scen. 2   Scen. 3    Scen. 4

Highest sustainable deficit/GDP ratio  D/Y         0.041    0.021    0.021      0.021
Highest sustainable debt/GDP ratio     A/Y           2.2             1.4       1.5           1.5         

From Table 2 we can make two conclusions. First, in the endogenous growth models with
human capital, the highest sustainable deficit/GDP ratio is around 2.1%, which implies
that the highest sustainable debt/GDP ratio is around 150 %. The realized U.S.
government budget deficit/GDP ratio has been 2 % since 1980. Hence, our model implies
that the current U.S deficit could be sustained purely by the Ponzi game debt finance. The
current net U.S. debt/GDP ratio is around 50 %. Hence, our model implies that the U.S.
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economy is still well below the highest sustainable debt/GDP ratio. Second, the highest
sustainable deficit/GDP ratio in the endogenous growth model is much lower than the
highest sustainable deficit/GDP ratio in the exogenous growth model. Hence, if the
reason for economic growth is endogenous human capital accumulation rather than
exogenous technological progress, the sustainable levels of deficit and debt are much
lower than Bullard and Russel's (1999) and Chalk's (2000) results indicate.

6. CONCLUSIONS

We have investigated the existence of steady states and transitional dynamics in the
endogenous growth OLG model with a log-linear utility function and C-D production
functions, where the source of economic growth is human capital accumulation due to
education investments and technological progress due to learning-by-doing externalities.
Technological progress has two opposite effects in the model, a positive productivity
effect on final goods production and a negative erosion effect on human capital
accumulation. We have shown that the properties of the model depend on these two
effects.

First, we show that if the effects of technological progress are weak, the model has a
unique globally stable non-trivial steady state, as usual in exogenous growth OLG models
with a log-linear utility function and C-D production functions (Galor and Ryder 1989).
If the productivity effect of technological progress is sufficiently strong, the non-trivial
steady state is globally unstable, as usual in endogenous growth OLG models where the
source of growth is technological progress alone (Boldrin 1992, Azariadis and Reichlin
1996, Antinolfi et al. 2001). The same is true if the erosion effect of technological
progress is sufficiently strong. Hence, the erosion effect is an additional reason for the
unstability of the non-trivial steady state.

Second, we show that the model can have stationary equilibrium allocations, where the
growth rate of output exceeds the rate of return on physical capital. These types of
allocations violate the link between the growth rate of output and  the rate of return on
physical capital defined by the Euler equation and the transversality condition. Hence,
the economy can be dynamically inefficient and there is a case for the redistribution of
resources from children to parents. To consider intergenerational reallocation, we add
intrinsically useless assets and two-sided altruism to the model. We show that bequests,
gifts and bubbles cannot be operative in the same steady state if altruism is symmetric
and agents take the actions of other generations as given. On the other hand, altruistic
education investments are a perfect substitute for bequests if young agents do not face
borrowing constraints. Moreover, gifts are an imperfect substitute for bubbles and
bubbles eliminate gifts. The dynamic properties of the model with intrinsically useless
assets and/or altruism are almost analogous to the model without intrinsically useless
assets and altruism. The only difference is that in the model with intrinsically useless
assets and/or altruism, technological progress can also cause explosive oscillations.

Third, we show that bubbles can have a positive or negative effect on economic growth.
Hence, the effect of bubbles is different from those in models, where the source of
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economic growth is endogenous technological progress (Grossman and Yanagawa 1993,
Azariadis and Reichlin 1996) or human capital accumulation (Michel 1992) alone. The
reason for the different result is the erosion and productivity effects of technological
progress, which allow the growth rate of output to be decreasing in physical capital or the
rate of return on physical capital to be increasing in physical capital.

Fourth, we show that government can sustain permanent budget deficits by Ponzi game
debt finance. Ponzi game debt is an example of bubbles. Feasibility of Ponzi games
implies that government's budget policy is not neutral, i.e., Ricardian equivalence does
not hold. This non-neutrality result has two interesting policy conclusions. First, saving in
government debt instead of physical capital can increase economic growth. Government
debt also increases growth in Forslid (1998), Lin (2000) , Zhang (1997) and Zhang
(2003). However, in their models the positive growth effect of debt is based on
government income transfers, productive government expenditures or endogenous
fertility rather than the elimination of dynamic inefficiency. Second, government non-
productive expenditures can be sustained in the market economy. The government can
run a permanent budget deficit and roll over the resulting government debt forever.
However, budget deficits have a maximum sustainable upper bound and they decrease
the welfare and growth effects of debt.

We also consider the empirical relevance of the Ponzi game debt finance. We cannot test
directly if the government runs a Ponzi game, because expectations and future
fundamentals of the economy are non-observable. Hence, the empirical discussion of
Ponzi games is concentrated on the feasibility of Ponzi games, i.e., on the difference
between the rate of return on the debt and the growth rate of output. The average rate of
return on the  U.S. government debt has been lower than the average growth rate of
output. This does not necessarily indicate dynamic inefficiency or the feasibility of Ponzi
game debt finance if the reason for the low return on government debt is production
uncertainty (Abel et al. 1989, Blanchard and Weil 2001). However, Mehra and Prescott
(1985) show that risk-premium alone is not sufficient to explain the difference between
the return on government debt and equity, which implies that low risk-free rate of returns
cannot be explained purely by production uncertainty. Hence, some researchers (Bullard
and Russell 1999, Bohn 1999) have argued that the reason for the low risk-free rate of
return is intermediation costs or other market imperfections, which indicates the
possibility of dynamic inefficiency and the feasibility of Ponzi game debt finance.
Because the equity premium puzzle still remains unsolved, the final question regarding
the empirical feasibility of Ponzi games due to dynamic inefficiency remains
unanswered.

An alternative way to consider Ponzi game debt finance in real economies is calibration.
Bullard and Russell (1999) and Chalk (2000) calibrate the n-period exogenous growth
OLG model to the post-war U.S. data and they find support for an empirically plausible
model of Ponzi game debt finance. Moreover, Chalk finds that the maximal sustainable
deficit/GDP ratio by Ponzi game debt finance is around 5 %. We calibrate a three-period
endogenous growth OLG model to the postwar U.S. data and show that the sustainable
deficit/GDP ratio by Ponzi game debt finance is around 2.1 %, which is slightly higher
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than the average realized U.S. deficit/GDP ratio since 1980 (2%). Hence, calibration
results indicate that the current permanent U.S. government budget deficit can be
sustained by the Ponzi game debt finance.

The feasibility of Ponzi games does not necessarily mean that the government can use
Ponzi game debt finance if agents' confidence on the value of government debt is low.
Weil (1987a) and Bertocchi and Wang (1995) have shown that the effect of the bubble on
the economy depends on the agents' expectations on the probability that the bubble will
persist and the sustainability of the bubble requires some minimum amount of
confidence. Hence, we can ask if the U.S. government can achieve the minimum amount
of confidence. It certainly was not achieved by the Italian immigrant, named Charles
Ponzi, who made a quick fortune in the 1920s by using chain letters. He was sent to
prison for a decade and died poor.

Despite the fact that Ponzi game debt finance can fail if agents lose their confidence in
the government, it offers an alternative to the tax finance. This alternative becomes more
relevant in situations where the government's capacity to tax is constrained. One example
of this type of situation is globalization, causing the factors of production to be more
mobile and thereby more difficult to tax. Hence, we can expect that the use of the Ponzi
game debt finance becomes more common as the world economy becomes more
integrated.

Although we have conducted our analysis in a simple parametric OLG model, our
conclusions would hold in the more general context. First, they can be extended to OLG
models with general forms of production functions and a constant elasticity of
substitution utility function.43 Hence, our results are not tied to C-D production functions
and a log-linear utility function. Second, the results can be extended to the Bewley (1980)
type of sequential economies, which have a finite number of traders, but an infinite
sequence of trading opportunities due to borrowing constraints.
Hence, our results are not tied to the infinite number of traders. Third, the results can be
extended to the Bertocchi (1991), Gale (1995) and Blanchard and Weil (2001) type of
stochastic OLG models, where the reason for Ponzi games is not dynamic inefficiency
but imperfect risk-sharing between the living generations. Hence, our results are not tied
to the infinite sequence of trading opportunities. Fourth, the results can be extended to the
OLG models with pay-as-you-go social security. Hence, our results are not tied to the
intrinsically useless assets or altruism. Feldstein (1974) and Wigger (2001) show that the
pay-as-you-go social security works in the dynamically inefficient economy in a way
similar to gifts or bubbles.44

                                                          
43 For the analysis of the model with general forms of production functions and a constant elasticity of substitution

utility function, see Appendix 1.
44 For the relationship between pay-as-you-go social security and intergenerational transfers, see Wigger (2002). For

the relationship between pay-as-you-go social security and government Ponzi game debt, see Ono (2003).
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APPENDIX 1:

GENERAL FORMS OF THE PRODUCTION FUNCTIONS AND A CONSTANT
ELASTICITY OF SUBSTITUTION UTILITY FUNCTION

In this appendix we consider the analysis of the model with utility and production
functions, which satisfy standard requirements for the utility and profit maximization and
are consistent with the existence of the balanced growth equilibrium. The last
requirement implies that the utility function must be a constant elasticity of substitution
(CES) function, but it is consistent with a wide class of production functions.

If we allow more general forms of utility and production functions than (3), (5) and (6),
then the qualitative properties of the model also depend on properties of the model other
than the effects of technological progress on the degrees of returns to scale in production
functions f and g. In particular, technological progress can have indirect effects on the
model through complementarity as in Galor and Weil (2000) and Galor and Moav (2000).
With C-D production functions, technological progress is a scale factor, which eliminates
this types of indirect effects.

Moreover, the qualitative properties of the model can be more complicated than
Propositions 1, 3 and 5 indicate. It is well known that OLG models can have multiple
non-trivial steady states, periodic solutions and global indeterminacy even without
externalities if the elasticity of substitution between the factors of production and the
elasticity of intertemporal substitution are lower than unity (Azariadis 1993, 198-204).
With C-D production functions and a log-linear utility function, these elasticities are
unity, which eliminates this possibility. On the other hand, OLG models with
externalities can have multiple non-trivial steady states, periodic solutions and global
indeterminacy even with C-D production functions if the elasticity of intertemporal
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substitution is higher than unity (Boldrin 1992). With a log-linear utility function the
elasticity of intertemporal substitution is unity, which eliminates this possibility.

Human capital production function is:

(A1)   ht=G(
_
ht-1,et-1,

_
kt)

We assume that G satisfies the following regularity conditions:

ASSUMPTION A1: Function G: R+
3→R+ is smooth in all arguments and linearly

homogenous, increasing and strictly concave in the first two arguments. Moreover, G3<0,
G33>0, lime→0 G2=∞ and lime→∞ G2=0.     

Assumption A1 implies that G satisfies the standard properties for interior utility
maximization with respect to education investments and G is consistent with the balanced
growth equilibrium, and technological progress erodes human capital in the decreasing
rate. From linear homogeneity of G it follows that G( h̄t-1,et-1, k̄t)=h̄t-1G(1,et-1/h̄t-1, k̄t)≡
h̄t-1g(et-1/h̄t-1, k̄t), where g1>0, g2<0, g11< 0, g22>0 for e/h̄>0, lime/h→0 g1=∞ and lime/h→∞

g1=0.

Final goods production function is:

(A2)       Yt=F(Kt,Ht,
_
kt)

We assume that  F satisfies the following regularity conditions:

ASSUMPTION A2: Function F: R+
3→R+ is smooth in all arguments and linearly

homogenous, increasing  and strictly concave in the first two arguments. Moreover,
F3>0.     

Assumption A2 implies that F satisfies the standard properties for the profit
maximization, F is consistent with balanced growth equilibrium and technological
progress increases productivity in the final goods sector. From linear homogeneity of F it
follows that F(Kt,Ht, k̄t)= HtF(kt,1, k̄t) ≡Htf(kt,  ̄ kt), where f1 >0, f11 <0 and f2>0 for kt>0.

Profit maximization of competitive firms implies that these factors are paid their private
marginal products:

(A3a)   Rt=f1(kt,  ̄  kt)

(A3b)   wt=f(kt,k̄t)-ktf1(kt, k̄t)

The existence of balanced growth paths requires that the utility function must be additive
separable and homogenous (Jones and Manuelli 1990). Equivalently to the additive
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separability and homogeneity we could assume that households have the following CES
utility function over their own consumption

(A4)    U(c1t,c2t+1)=c1t
θ/θ +ρc2t+1

θ/θ    (for θ≠0)     θ<1, ρ>0
     
            U(c1t,c2t+1)=lnc1t+ρlnc2t+1       (for  θ=0)

where θ is the degree of homogeneity of U and the special case θ=0 is a log-linear utility
function. Constraints ρ>0 and θ<1 imply that U is increasing, strictly concave and it
fulfills the Inada conditions. Hence, U satisfies the standard properties for interior utility
maximization with respect to consumption.

With CES utility function (A4) and assumption A1, households' objective (38) is strictly
concave in c1t,e0t-1,e1t,qt+1and jt and first-order and transversality conditions (39) are
sufficient for the maximum. Hence, the competitive equilibrium of the economy with
general forms of production functions and CES utility function is defined as follows:

(A5a)   nγtkt+1+net+bt=z(Rt+1)[wt+qt-Rtet-1/γt-1+Rte1t-1/γt-1-jt]-

                                    [1-z(Rt+1)][nγt(jt+1-qt+1)/Rt+1-ne1t]

(A5b)   c1t=[1-z(Rt+1)][wt+qt-Rtet-1/γt-1+Rte1t-1/γt-1-ne1t-jt+nγt(jt+1-qt+1)/Rt+1]

(A5c)    ψn(γtc1t+1/c1t)1-θ ≤ Rt+1 ≤ (1/β)n(γtc1t+1/c1t)1-θ (=if  jt+1 > 0, =if qt+1+e1t > 0)

(A5d)    nγt

 
bt+1/

 
bt

 ≤ Rt+1 (=if  bt > 0)

(A5e)    f(kt, kt)=c1t+c2t/n+net+nγtkt+1    

(A5f)    Rt+1=g1(et,kt+1)wt+1

(A5g)    γt 

 
=g(et,kt+1)

(A5h)   wt=f(kt, kt)-ktf1(kt, kt) ≡w(kt)

(A5i)    Rt=f1(kt, kt)≡R(kt)

                              [1+ρ1/(θ-1)R t+1
θ/(θ-1)]-1     for θ≠0

(A5j)    z(Rt+1)=
                              ρ/(1+ρ)                                       for  θ=0

(A5k)  lim t→∞ βt (qt/c1t)(c10Πt-1
i=0γi)θ=0

(A5l)   lim t→∞ βt (e1t/c1t)(c10Πt-1
i=0γi)θ=0
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(A5m) lim t→-∞ (1/ψ)t( j1t/c1t)(c10Πt-1
i=0γi)θ=0

where (A5h) and (A5i) define wt and Rt as a function of kt and (A5j) defines zt as a
function of Rt+1.

Implicit differentiation of (A5f) and (A5g) yields

                g11wt+1     0      ∂et             R1-g1w'-g12wt+1

(A6)                                          =                                 ∂kt+1

                -g1            1
   
      ∂γt                           g2

and

(A7a)     et=e(kt+1)

(A7b)     γt 

 
=γ(kt+1)

where mappings e:R+→ R+ and γ:R+→ R+ are continuous functions by the implicit
function theorem, because g11wt+1 ≠0  for kt+1>0.

(A8a)   e'(kt+1)  = (R'-g1w'-g12wt+1)/g11wt+1

(A8b)   γ'(kt+1) = [g1(R'-g1w')-(g1g12-g11g2)wt+1]/g11wt+1

It follows that the sign of γ' depends on terms R'-g1w'=(f11+f12-f1f2/f)/(1-kt+1f1/f) and
(g1g12-g11g2)wt+1. With C-D production functions f(kt, k̄t)=kt

α k̄t
η and  g(et-1, k̄t)=et-1

δ k̄t
-µ  it

follows that R'-g1w'=-Rt+1/kt+1<0 and g1g12-g11g2= g1g2/et<0, which implies that g1(R'-
g1w')-(g1g12-g11g2)wt+1= -(g1et/g +g2kt+1/g)gRt+1/kt+1et=-(δ-µ)gRt+1/kt+1et. Hence, mapping
γ is a monotone function and the sign of γ' depends on δ-µ. In general, it is possible that
R'-g1w'>0 if the technology-capital complementarity f12>0 is sufficiently strong.
Moreover, it is possible that g1g12-g11g2>0 if the technology-skill complementarity g12>0
is sufficiently strong. Hence, the sign of γ' also depends on the indirect effects of
technological progress, and negative returns to scale in function g do not necessarily
imply that γ'<0. Moreover, mapping γ can be a non-monotone function due to indirect
effects of technological progress.

Equilibrium without intrinsically useless assets and altruism

Without intrinsically useless assets and altruism, system (A5) simplifies to the following
scalar system:

(A9)     n[γ(kt+1)kt+1+e(kt+1)]= z[R(kt+1)][w(kt)-R(kt)e(kt)/γ(kt)]
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Equation (A9) defines implicitly the following mapping in the forward dynamics:

(A10)    kt+1= φ(kt)

From (A10) it follows that

(A11)  φ'(kt)=zt[w'-R'et-1/γt-1-Rt-1e'/γt-1+Rt-1et-1γ'/γt-1
2]/[nγt+nγ'kt+1+ne'-z'R'(wt-Rt-1et-1/γt-1)]

It follows that the properties of mapping φ(kt) depend on mappings R(kt), R(kt+1), w(kt),
e(kt), e(kt+1), γ(kt), γ(kt+1) and z(Rt+1). With C-D production functions f(kt, k̄t)=kt

α k̄t
η and

g(et-1, k̄t)=et-1
δ k̄t

-µ  it follows that φ'=zt(1-δ)w'/[nγt(1+δ(1-α)/α)(1-µ)/(1-δ)-z'R'(1-δ)wt]. If
θ=0, then z'=0, which implies that φ is a monotone increasing (0<µ<1) or decreasing
(µ>1) function and it has a unique non-trivial steady state. If θ≠0, then it is possible that
[nγt(1+δ(1-α)/α)(1-µ)/(1-δ)-z'R'(1-δ)wt]=0 for some kt>0, which implies that φ is a multi-
valued mapping. Hence, the economy can have multiple non-trivial steady states, periodic
solutions and indeterminacy even with C-D production functions. The same is also true if
θ=0 and production functions are not C-D form. In this case, it is possible that mapping γ
is non-monotone as shown above. If technological complementaries are sufficiently
strong, then it is possible that nγt+nγ'kt+1+ne'=0, which implies that φ is a multi-valued
mapping. Hence, the economy can have multiple non-trivial steady states, periodic
solutions and indeterminacy even with a log-linear utility function.

With general forms of the production functions, the efficiency analysis of steady states
can be more complicated than Proposition 2 indicates. In particular, if the economy has
multiple non-trivial stationary solutions for the planner's utility maximization problem, it
is unclear which one is the social optimum. On the other hand, if the economy has a
unique non-trivial stationary solution for the planner's utility maximization problem, we
can show that

PROPOSITION A1:  Suppose that the economy has a unique non-trivial steady state
solution for the planner's second-best utility maximization problem. If nγ>R in the non-
trivial steady state, then it is dynamically inefficient. If nγ≤R in the non-trivial steady
state, then it is dynamically efficient.

PROOF:  From the transversality condition (23d) it follows that a dynamically efficient
steady state allocation must satisfy lim t→∞ ωt (k/c1)(c10γt)θ=0, which implies that ωγθ<1.
The limit case ωγθ=1 does not satisfy the transversality condition (23d). In this case, we
can obtain the solution of the planner's problem by modifying the planner's objective to
u(c20)-u(c2^)+∑∞

t=0 ωt[u(c1t)+ρu(c2t+1)-u(c1^)-ρu(c2^)], where u(c1^)+ρu(c2^) is the
maximum stationary utility level (De la Croix and Michel 2002, 92).  Hence, feasible
values of weights are 0<ωγθ≤1. Substituting this constraint to Euler equation (24b) gives
nγ1-θ=ωR ⇒ nγ=ωγθR≤R. Hence, if nγ>R in the non-trivial steady state, the planner can
increase the welfare of the economy for all feasible ω and the allocation must be
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inefficient. On the other hand, if nγ≤R in the non-trivial steady state, the planner cannot
increase the welfare of the economy for some feasible ω and the allocation must be
dynamically efficient. Q.E.D.

COROLLARY A1:  Suppose that the economy has a unique Golden Rule allocation
nγ(kGR)=R(kGR). If R'(kGR)<nγ'(kGR), then dynamically inefficient steady states satisfy
k>kGR and if R'(kGR)>nγ'(kGR), then dynamically inefficient steady states satisfy k<kGR.

Proposition 2 and Corollary 2 in Chapter 2 are special cases of Proposition A1 and
Corollary A1. With C-D production functions f(kt, k̄t)=kt

α k̄t
η and  g(et-1, k̄t)=et-1

δ k̄t
-µ   the

planner's utility maximization problem has a unique non-trivial steady state solution.
Hence, the economy has a unique kGR>0. Moreover, condition R'(kGR)<nγ'(kGR) implies
that 0<(α+η)(1-δ)/(1-µ)<1 and condition R'(kGR)>nγ'(kGR) implies that (α+η)(1-δ)/(1-
µ)>1 [or (α+η)(1-δ)/(1-µ)<0 if we allow µ>1].

Equilibrium without altruism

Without altruism system (A5) simplifies to the following planar system:

(A12a)    n[γ(kt+1)kt+1+e(kt+1)]+bt= z[R(kt+1)][w(kt)-R(kt)e(kt)/γ(kt)]

(A12b)    nγ(kt+1)bt+1/
 
bt

 ≤ R(kt+1)   (=if  bt > 0)  

If bt =0, system (A12) simplifies to the scalar system (A9). If bt >0, equations (A12a) and
(A12b) define implicitly the following mappings in the forward dynamics:

(A13a)   kt+1=ϕ1(kt, bt)

(A13b)   bt+1=R[ϕ1(kt, bt)]
 
bt/γ[ϕ1(kt, bt)]≡ϕ2(kt, bt)

From (A13) it follows that

(A14a)   ϕ1
1=zt[w'-R'et-1/γt-1-Rt-1e'/γt-1+Rt-1et-1γ'/γt-1

2]/

                      [nγt+1+nγ'kt+1+ne'-z'R'(wt-Rt-1et-1/γt-1)]

(A14b)   ϕ1
2=-1/[nγt+1+nγ'kt+1+ne'-z'R'(wt-Rt-1et-1/γt-1)]

(A14c)   ϕ2
1= (R'kt+1/Rt+1-γ'kt+1/γt)(bt+1/kt+1)

 
ϕ1

1

(A14d)   ϕ2
2=Rt+1/nγt+(R'kt+1/Rt+1-γ'kt+1/γt+1)(bt+1/kt+1)

 
ϕ1

2

It follows that the properties of mapping ϕ(kt, bt) depend on mappings R(kt), R(kt+1),
w(kt), e(kt), e(kt+1), γ(kt), γ(kt+1) and z(Rt+1) as in the model without intrinsically useless
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assets. The economy can have multiple bubble steady states if mappings R(k) and nγ(k)
have multiple crossing points. On the other hand, if the economy has multiple non-trivial
non-monentary steady states, it is possible that the economy does not have a bubble
steady state even if it has a dynamically inefficient bubbleless steady state (Bose and Ray
1993). Moreover, the bubble equilibria can display periodic solutions even if the
bubbleless equilibria were stationary (Jullien 1988). With C-D production functions f(kt,
k̄t)=kt

α k̄t
η and  g(et-1, k̄t)=et-1

δ k̄t
-µ  mappings R(k)=αkα+η-1 and nγ(k)=n[δ(1-α)/α]δ/(1-δ) k(δ-

µ)/(1-δ) have a unique crossing point, but the dynamics of the economy can be
indeterminate or display periodic solutions if θ≠0.

With general forms of the production functions the growth effect of bubbles can be more
complicated than Proposition 3 indicates. In particular, if the economy has multiple
bubble steady states, the growth effect of bubbles may be ambiguous. On the other hand,
if the economy has a unique bubble steady states, we can show that:

PROPOSITION A2:  Suppose that the economy has a unique bubble steady state and
mapping γ(k) is a monotone function. If R'<nγ'<0 or R'>nγ'>0 in the bubble steady state,
then bubbles increase the growth rate of the economy. Otherwise bubbles decrease  the
growth rate of the economy.  

PROOF: Bubbles increase γ if γ'<0 and the bubble steady state is lower than the non-
trivial bubbleless steady state or if γ'>0 and the bubble steady state is higher than the non-
trivial bubbleless steady state.

Equation (A12b) implies that bubbles eliminate non-trivial bubbleless steady states,
which satisfy nγ>R, and the bubble steady satisfies nγ=R. Hence, if the economy has a
unique bubble steady state, bubbles increase growth if and only if R'<nγ'<0 or R'>nγ'>0 in
the bubble steady state. Q.E.D.

Proposition 4 in Chapter 3 is a special case of Proposition A2. With C-D production
functions f(kt, k̄t)=kt

α k̄t
η and  g(et-1, k̄t)=et-1

δ k̄t
-µ  the bubble steady state is unique and

mapping γ(k) is a monotone function. Moreover, conditions R'<nγ'<0 and R'>nγ'>0 imply
that  (α+η-1)(1-δ)<δ-µ<0 or 0<δ-µ<(α+η-1)(1-δ).

Equilibrium without intrinsically useless assets

Without intrinsically useless assets, system (A5) simplifies to the following system:

(A15a)   nγ(kt+1)kt+1+ne(kt+1)=z[R(kt+1)][w(kt)+qt-R(kt)e(kt)/γ(kt)+R(kt)e1t-1/γ(kt)-jt]-

                                                [1-z(R(kt+1))][nγ(kt+1)(jt+1-qt+1)/R(kt+1)-ne1t]

(A15b)   ψn[γ(kt+1)c1t+1/c1t]1-θ ≤R(kt+1) ≤(1/β)n[γ(kt+1)c1t+1/c1t]1-θ (=if  jt+1>0, =if qt+1+e1t>0)

(A15c)   f(kt,kt)=c1t+[ρR(kt)]1/(1-θ)c1t-1/nγ(kt)+nγ(kt+1)kt+1+ne(kt+1)
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where  c2t=[ρR(kt)]1/(1-θ)c1t-1/γ(kt) by (38a).

If  jt+1=qt+1=e1t =0, system (A15) simplifies to the scalar system (A9). If jt+1>0 or qt+1+e1t
>0, system (A15) simplifies to the following planar system:

(A16a)   nγ(kt+1)kt+1+ne(kt+1)=
 
f(kt,kt)-[1+(nρ/κ)1/(1-θ)/n]c1t

(A16b)   n[γ(kt+1)c1t+1/c1t]1-θ=κR(kt+1)

where κ=β if qt+1+e1t > 0 and κ=1/ψ  if jt+1>0.

Equations (A16) define implicitly the following mappings in the forward dynamics:

(A17a)   kt+1=χ1(kt, c1t)

(A17b)   c1t+1=κ1/(1-θ)R[χ1(kt, c1t)]1/(1-θ)
 
c1t/nγ[χ1(kt, c1t)]≡χ2(kt, c1t)

From (A17) it follows that

(A18a)   χ1
1= (f1+f2)/(nγ'kt+1+nγt+ne')

(A18b)   χ1
2= -[1+(nρ/κ)1/(1-θ)/n]/(nγ'kt+1+nγt+ne')

(A18c)   χ2
1=[R'kt+1/(1-θ)Rt+1-γ'kt+1/γt](c1t+1/kt+1)

 
χ1

1

(A18d)   χ2
2=κ1/(1-θ)Rt+1

1/(1-θ)/nγt+[R'kt+1/(1-θ)Rt+1-γ'kt+1/γt](c1t+1/kt+1)
 
χ1

2

It follows that the properties of mapping χ(kt, c1t) depend on mappings R(kt+1), e(kt+1) and
γ(kt+1). The economy can have multiple operative transfer motive steady states if
mappings κR(k) and nγ(k)1-θ have multiple crossing points. With C-D production
functions f(kt, k̄t)=kt

α k̄t
η and  g(et-1, k̄t)=et-1

δ k̄t
-µ  mappings κR(k)=καkα+η-1 and nγ(k)1-θ=

n[δ(1-α)/α]δ(1-θ)/(1-δ) k(δ-µ)(1-θ)/(1-δ) have a unique crossing point, but the dynamics of the
economy can be indeterminate or display periodic solutions if θ≠0.

With general forms of the production functions and CES utility function, it is possible
that operative and inoperative transfer motive steady state equilibria can co-exist as
shown by Thibault (2000). To consider the co-existence of different types of steady state
equilibria, let us denote an operative gift motive steady state by kj, an operative bequest
or altruistic education motive steady state by kq, a non-trivial inoperative transfer motive
steady state by k0, a non-trivial steady state in the economy without altruism and
intrinsically useless assets by kD and a non-trivial steady state solution for system (A16)
by kinf . By using this notation we can show:
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PROPOSITION A3: Suppose that economy has p ≥0 non-trivial kD , n>0 non-trivial kinf

for κ=β and m >0 non-trivial kinf  for κ=1/ψ. Competitive equilibrium of the economy has
at least one non-trivial steady state equilibrium and at most p+m+n. The non-trivial
steady state equilibrium is unique if

(i)  m=1, n=1 and p=0
(ii) m=1, n=1 and βγθR>nγ or (1/ψ)γθR<nγ  for all kD

(iii) βγθR≤ nγ≤(1/ψ)γθR  for a unique kD and
       nγ ≥ [z(w-Re/γ)-ne]/k  for all kinf  with κ=1/ψ and
       nγ≤ [z(w-Re/γ)-ne]/k  for all kinf with κ=β

PROOF: Suppose that ∃ k1
D>0,.., kp

D >0, k1
inf>0,.., kn

inf >0 for κ=β and  k1
inf>0,.., km

inf >0
for κ=1/ψ, where p ≥0, m>0 and n>0. From (A16) it follows that kinf =kq if and only if
[z(w-Re/γ)-ne]/k<nγ=βγθR, kinf =kj if and only if [z(w-Re/γ)-ne]/k>nγ= (1/ψ)γθR and kD

=k0 if and only if βγθR ≤ nγ=[z(w-Re/γ)-ne]/k ≤ (1/ψ)γθR.

By using these conditions we can divide the existence proof of the non-trivial steady state
into four cases:

(1) Suppose that p=0. Equation (A9) implies that nγ(k)>[z(w-Re/γ)-ne]/k or nγ(k)<[z(w-
Re/γ)-ne]/k for all k, which implies that for all kinf=kq or for all kinf=kj. Hence, the
economy has n non-trivial steady states kq >0 or m non-trivial steady states kj>0.

(2) Suppose that p>0 and for all kD ≠ k0 . It can be show by contradiction that kinf=kq or
kinf=kj for at least one k >0. Suppose that kinf ≠ kq and kinf ≠ kj, i.e., [z(w-Re/γ)-
ne]/k≥nγ=βγθR and [z(w-Re/γ)-ne]/k≤ nγ= (1/ψ)γθR. It follows by continuity that ∃ at
least one k>0 such that βγθR ≤ [z(w-Re/γ)-ne]/k=nγ ≤ (1/ψ)γθR, i.e., kD = k0>0, which
contradicts the original assumption. Hence, the economy has at least one trivial steady
states kq >0 or kj>0.

(3) Suppose that p>0 and for all kinf ≠ kq and for all kinf ≠ kj. It follows by continuity that
the economy has at least one k0>0.

(4) Suppose that p>0 and ki
D =ki

0 for i ∈ {1,..,z| z≤p}, ki
inf = ki

q  for i ∈ {1,..,x| x≤n}and
ki

inf = ki
j for i ∈ {1,..,y| y≤m}. It follows that the economy has z non-trivial steady states

k0>0, x non-trivial steady states kq >0 and y non-trivial steady states kj>0.

From (1)-(4) it follows that the economy has at least one non-trivial steady state and at
most p+m+n. Moreover, it follows that:
(i)   If p=0, m=1 and n=1, then the economy has a unique kq >0 or kj >0 by case (1).
(ii)  If p>0, m=1, n=1 and for all kD ≠ k0, i.e,  βγ(kD)θR(kD)>nγ(kD) or
       (1/ψ)γ(kD)θ R(kD)<nγ(kD), then the economy has a unique kq >0 or kj >0 by case
       (2).
(iii) If p>0, ki

D =ki
0 for one i ∈ {1,..,p}, for all kinf ≠ kq and for all kinf ≠ kj, i.e.,

       βγθR≤ nγ≤(1/ψ)γθR for a unique kD >0 and nγ=(1/ψ)γθR ≥ [z(w-Re/γ)-ne]/kinf and
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       nγ=βγθR≤ [z(w-Re/γ)-ne]/kinf , then the economy has a unique k0 >0 by case (3).
Q.E.D.

Proposition A3 is an extension of the results by Thibault (2000) in the exogenous growth
model with one-sided altruism to the endogenous growth model with human capital and
two-sided altruism. Proposition 5(i) in Chapter 4 is a special case of Proposition A3.
With C-D production functions f(kt, k̄t)=kt

α k̄t
η and  g(et-1, k̄t)=et-1

δ k̄t
-µ  and a log-linear

utility function, we have m=1, n=1 and p=1 and condition (ii) or (iii) is always satisfied.

With general forms of the production functions and CES utility function, the relationship
between different types of steady state equilibria can be more complicated than
Proposition 6 indicates. In particular, if the economy has multiple Golden Rule
allocations, the relationship between operative and inoperative transfer motive steady
states is ambiguous. On the other hand, if the economy has a unique Golden Rule
allocation, we can show that

PROPOSITION A4:  Suppose that the economy has a unique Golden Rule allocation
nγ(kGR)=R(kGR). If R'(kGR)<nγ'(kGR), then kq ≤ k0 ≤ kj.  If R'(kGR)>nγ'(kGR), then kj ≤ k0 ≤
kq.

PROOF:  From the transversality condition (A5k-m) it follows that an operative transfer
motive steady state allocation must satisfy lim t→∞ βt (q/c1)(c10γt)θ=0, lim t→∞ βt (e1/c1)
(c10γt)θ=0 or lim t→-∞ (1/ψ)t ( j/c1)(c10γ t)θ=0, which implies that βγθ<1 or (1/ψ)γθ>1.
Substituting this to the Euler equation (A16b) gives nγ(kq)1-θ=βR(kq) ⇒ nγ(kq)=
βγ(kq)θR(kq)< R(kq) and nγ(kj)1-θ=(1/ψ)R(kj) ⇒ nγ(kj)=(1/ψ)γ(kj)θR(kj)>R(kj).

From the uniqueness of kGR it follows that R<nγ for k>kGR and R>nγ for k<kGR if
R'(kGR)<nγ'(kGR) and R<nγ for k<kGR and R>nγ for k>kGR if R'(kGR)>nγ'(kGR). It follows
that kq < kj  if  R'(kGR)<nγ'(kGR). Moreover, it is not possible that k0< kq or k0> kj, because
βR(k0)> nγ(k0) and (1/ψ)R(k0)<nγ(k0) are not feasible equilibria by (A15b). Hence, if k0

exists, it must satisfy kq ≤ k0 ≤ kj. On the other hand,  kq >kj  if  R'(kGR)>nγ'(kGR).
Moreover, it is not possible that k0> kq or k0< kj, because βR(k0)>nγ(k0) and (1/ψ)R(k0)<
nγ(k0) are not feasible equilibria by (A15b). Hence, if k0 exists, it must satisfy kj ≤ k0 ≤ kq.
Q.E.D.

Proposition 6 in Chapter 4 is a special case of Proposition A4. With C-D production
functions f(kt, k̄t)=kt

α k̄t
η and  g(et-1, k̄t)=et-1

δ k̄t
-µ  and a log-linear utility function, the

economy has a unique kGR>0. Moreover, condition R'(kGR)<γ'(kGR) implies that (α+η)(1-
δ)/(1-µ)<1 and condition R'(kGR)>γ'(kGR) implies that (α+η)(1-δ)/(1-µ)>1 [or (α+η)(1-
δ)/(1-µ)<0 if we allow µ>1].

Equilibrium with intrinsically useless assets and altruism

It is straight forward to show that similar results as Proposition A3 and A4 hold, except
that operative gift motive steady states are dominated by bubble steady states.



APPENDIX 2: CALIBRATION OF THE MODEL BY MATCAD

Exogenous growth model (figure 3)

Parameters

α 0.25 Λ
2

1.1425 ρ 0.9625 n 1.0125

π 1.01

1.07

25

Λ
1

1.0225 µ 0 η 0 δ 0

Highest sustainable deficit/GDP ratio

d 0.041

Equations
k 0.01 0.02, 5..

R k( ) α Λ
2

. kα η 1.

w k( ) 1 α( ) Λ
2

. kα η.

γ k( ) Λ
1

1

1 δ

K k( ) 1 δ( )
ρ

1 ρ
. w k( ). n 1 1 α( )

δ

α
.. γ k( ). k.

A k( )
d Λ

2
. kα.

1 π
R k( )

n γ k( ).
.

K k( )

A k( )

n γ k( ).

k
0 2 4

0

2

4

k

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

0.12

0.13

0.14

0.15

0.16

= K k( )

1.642

1.935

2.125

2.267

2.381

2.476

2.557

2.628

2.69

2.746

2.796

2.842

2.884

2.922

2.956

2.989

= A k( )

-0.015

-0.031

-0.049

-0.066

-0.085

-0.105

-0.125

-0.146

-0.169

-0.192

-0.216

-0.242

-0.268

-0.295

-0.324

-0.354

= n γ k( ).

2.104

2.104

2.104

2.104

2.104

2.104

2.104

2.104

2.104

2.104

2.104

2.104

2.104

2.104

2.104

2.104

=

Observed variables Tangency point

K 1.46( ) 2.708=
25 π R 1.46( ).( ) 1.007= A 1.46( ) 2.707=

Highest sustainable
debt/GDP ratio

25 R 1.46( ) 1.066=

25
n γ 1.46( ). 1.03= A 1.46( )

1.14 1.46α η.
2.16=



Endogenous growth model without technological progress (figure 4)

Parameters

α 0.25 Λ
2

1.1425 n 1.0125

ρ 0.9625

π 1.01

1.07

25

Λ
1

1.0225 µ 0 η 0 δ 0.1

Highest sustainable deficit/GDP ratio

d 0.021

Equations

k 0.01 0.02, 5..

R k( ) α Λ
2

. kα η 1.

w k( ) 1 α( ) Λ
2

. kα η.

γ k( ) Λ
1

1

1 δ
1 α( )

δ

α
.

δ
1 δ

. k

δ µ
1 δ.

K k( ) 1 δ( )
ρ

1 ρ
. w k( ). n 1 1 α( )

δ

α
.. γ k( ). k.

A k( )
d Λ

2
. kα.

1 π
R k( )

n γ k( ).
.

K k( )

A k( )

n γ k( ).

k
0 2 4

0

2

4

k

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

0.12

0.13

0.14

0.15

0.16

= K k( )

1.481

1.747

1.918

2.045

2.147

2.231

2.302

2.364

2.418

2.465

2.508

2.545

2.579

2.61

2.638

2.663

= A k( )

-4.244·10    -3

-9.353·10    -3

-0.015

-0.021

-0.027

-0.034

-0.041

-0.049

-0.056

-0.065

-0.073

-0.082

-0.091

-0.101

-0.111

-0.121

= n γ k( ).

1.166

1.259

1.317

1.36

1.394

1.423

1.447

1.469

1.488

1.506

1.522

1.536

1.55

1.563

1.575

1.586

=

Observed variables Tangency point

K 1.3( ) 1.669=
25 π R 1.3( ).( ) 1.01= A 1.3( ) 1.654=

Highest sustainable
debt/GDP ratio

25 R 1.3( ) 1.07=

25
n γ 1.3( ). 1.028= A 1.3( )

1.14 1.3α η.
1.359=



Endogenous growth model with the erosion effect of technological progress (figure 5)

Parameters

α 0.25 Λ
2

1.1425 n 1.0125

ρ 0.9625

π 1.01

1.07

25

Λ
1

1.0225 µ 0.2 η 0 δ 0.1

Highest sustainable deficit/GDP ratio

d 0.021

Equations

k 0.01 0.02, 5..

R k( ) α Λ
2

. kα η 1.

w k( ) 1 α( ) Λ
2

. kα η.

γ k( ) Λ
1

1

1 δ
1 α( )

δ

α
.

δ
1 δ

. k

δ µ
1 δ.

K k( ) 1 δ( )
ρ

1 ρ
. w k( ). n 1 1 α( )

δ

α
.. γ k( ). k.

A k( )
d Λ

2
. kα.

1 π
R k( )

n γ k( ).
.

K k( )

A k( )

n γ k( ).

k
0 2 4

0

2

4

k

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

0.12

0.13

0.14

0.15

0.16

= K k( )

1.454

1.701

1.857

1.972

2.061

2.135

2.196

2.249

2.294

2.334

2.37

2.401

2.429

2.454

2.477

2.497

= A k( )

-0.012

-0.024

-0.035

-0.047

-0.059

-0.071

-0.084

-0.097

-0.111

-0.125

-0.14

-0.155

-0.17

-0.186

-0.203

-0.221

= n γ k( ).

3.244

3.003

2.871

2.781

2.713

2.658

2.613

2.575

2.541

2.512

2.485

2.461

2.439

2.419

2.401

2.384

=

Observed variables Tangency point

K 1.3( ) 1.861=
25 π R 1.3( ).( ) 1.01= A 1.3( ) 1.853=

Highest sustainable
debt/GDP ratio

25 R 1.3( ) 1.07=

25
n γ 1.3( ). 1.026= A 1.3( )

1.14 1.3α η.
1.522=



Endogenous growth model with the productivity effect of technological progress (figure 6)

Parameters

α 0.25 Λ
2

1.1425 n 1.0125

ρ 0.9625

π 1.01

1.07

25

Λ
1

1.0225 µ 0 η 2 δ 0.1

Highest sustainable deficit/GDP ratio

d 0.021

Equations

k 0.01 0.02, 5..

R k( ) α Λ
2

. kα η 1.

w k( ) 1 α( ) Λ
2

. kα η.

γ k( ) Λ
1

1

1 δ
1 α( )

δ

α
.

δ
1 δ

. k

δ µ
1 δ.

K k( ) 1 δ( )
ρ

1 ρ
. w k( ). n 1 1 α( )

δ

α
.. γ k( ). k.

A k( )
d Λ

2
. kα η.

1 π
R k( )

n γ k( ).
.

K k( )

A k( )

n γ k( ).

k
0 2 4

0

2

4

k

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

0.12

0.13

0.14

0.15

0.16

= K k( )

-0.015

-0.032

-0.05

-0.067

-0.085

-0.103

-0.12

-0.137

-0.153

-0.169

-0.185

-0.2

-0.214

-0.228

-0.241

-0.253

= A k( )

1.765·10    -5

8.438·10    -5

2.113·10    -4

4.06·10    -4

6.748·10    -4

1.024·10    -3

1.457·10    -3

1.981·10    -3

2.6·10    -3

3.319·10    -3

4.142·10    -3

5.074·10    -3

6.121·10    -3

7.286·10    -3

8.576·10    -3

9.994·10    -3

= n γ k( ).

1.166

1.259

1.317

1.36

1.394

1.423

1.447

1.469
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1.506
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1.536

1.55

1.563

1.575

1.586

=

Observed variables Tangency point

K 0.85( ) 1.172=
25 π R 0.85( ).( ) 1.01= A 0.85( ) 1.161=

Highest sustainable
debt/GDP ratio

25 R 0.85( ) 1.07=

25
n γ 0.85( ). 1.026= A 0.85( )

1.14 0.85α η.
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